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Electrons  and  Positrons  in  a  Time-Independent 
Electromagnetic  Pields  .  A  Solution  in  the 
SchroTiinger  Picture, 
Part  I  ■ 
Introduction 

The  problem  considered  in  the  following  is  the 
solution  o£   the  Schrodingsr  equation  for  the  state  vector 
of  an  electron-positron  field  v;hen  this  field  is  coupled 
to  a  time-iiadependent  external  electromagnetic  field. 
The  method  of  solution  used  in  the  present  discussion  is 
completely  analogous  to  the  method  used  in  solving  the 
Schrodlnger  equation  with  a  .time  independent  lismiltonian 
for  the  one  electron  problem. 

In  the  one- electron  proljlem  one  finds  the 
spectral  representation  of  the  Hamiltonian  of  the  problem. 
If  the  Hamiltonian  can  be  considered  as  the  sum  of  a 
Hamiltonian  vjhose  spectral  representation  is  known  and  an 
additional  terra  which  m.ay  be  considered  small,  then  one 
can  diagonalize  the  total  riamlltonian  by  means  of  a 
canonical  trai  sfon"aation  which  v;hen  expressed  in  a  suitable 
representation,  satisfies  an  integral,  equation,  that  can 
bo  solved  by  a  perturbation  procedure. 

In  order  to  find  the  solution  of  the  Schrodinger 
equation  for  the  case  of  an  electron-positron  field  coupled, 
to  an  eloctromagnctic  field,  we  proceed  in  a  simllax'  manner. 
We  consider  the  Hamiltonian  to  consist  of  a  part  whose 
spectral  representation  is  given  (i.e.  the  Hatiiiltonian 
without  interaction)  and  a  small  perturbation  and  we 
find  the  canonical  trAnsfoiTaation  which  diagonalizes 
the  total  Hariiiltonian,   The  solution  of  the  Schrodinger 
equations  is  obtained  iminediatcly. 
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or  course,  the  Idea  ox    finding  a  suitaijlc  canonical 
transioniiation  is  not  a  new  one.   However,  it  appears  that 
the  canonical  transfoiTiation  has  not  yet  been  treated  in 
the  nuraber  (or  Foe!:)  representation.   It  is  possible  to 
obtain  simple  results  for  the  transf ori'iation  in  terras  of 
this  representation.   It  uill  be  sho-.jn  that  in  the  nioiriber 
representation,  the  canonical  transf oi-rnation  satisfies 
an  integro-diffcron,ce  equation  ixrhich  con.  be  solved  by  a 
perturbation  scheme.   Having  found  the  canonical  trans- 
forriation,  expectation  values,  of  various  operators  can 
bo  found  as  functions  of  tirrx.   Some  results  will  be 
discucsed. 

The  present  paper  is  divided  into  two  parts. 
In  Part  I,  the  nuraber  representation  is  set  up  for  the 
electron-positron  field  and  various  operators  are  defined 
in  this  representation.   Parthemiore,  the  canonical  trans- 
foiTiiation  is  obtained  to  the  second  order  in  the  electron 
charge  in  terms  of  the  one-particle  canonical  transforma- 
tions and  the  expectation  values  of  some  operators,  arc 
given  in  terms  of  the  one-particle  transforiuations , 

In  Pai-t  II,  the  explicit  form  of  the  one- 
particle  transformations  is  used  in  the  e::prcssions  for 
the  expectation  values,  and  the  expectation  values  aj-o 
given  explicitly  in  terms  of  the  external  potentials. 
The  results  arc  then  compared  with  the  results  obtained 
by  other  means.   It  is  hop.-d  that  the  prograra  outlined 
above  XntIII  clarify  the  source  of  some  of  the  infinities 
occurring  in  field  theory. 
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Tiio  KuiTibcr  Rcprosciitation 

In  order  to  sot  up  the  nunibor  roprosoritr.tlon  for 
the  oloctron-positron  field,  it  xvrill  bo  useful  to  review 
some  of  the  properties  of  the  Dir^.c  Hamiltonlan  J.  l:^      for 
the  one  electron  problciii  in  the  absence  of  an  cloctr>..'magnetic 
field,   (By  the  expressions  "ono-electrcm  problem"  or  "theory 
of  the  single  electron"  we  moan  the  usual  first  quantization 
theory  of  rclativlstic  electrons,  unless  othorvilse  noted.) 
The  spectral  representation  of  the  Haniiltonian  J  r  '    can  be 
expressed  in  terms  of  a  comploto  set  of  variables  consisting 
of  the  momentiarii  vector  operator  P.,  the  sign  of  the  energy 
E  =  sgn  J  1.   ,  and  the  component  of  the  spin  in  the  direction 
of  motion  T.   This  complete  set  of  commutin,^  operators  will 
be  denoted  colluctlvel;^  by   S  =  |  P.  ,  S,  T  I'  with  corres- 
ponding  eigenvalues  or  quoaitiom  variables  collectively  denoted 
by  s  =  jp,,  e,  '^'  }  (    •    Here  e,  C  each  take  on  the  values 
-  1.   The  onorgy  operator  J  i: '"  ^  is  the  usual  field-free 
Dirac  Harailtonian 

X\(o)  =   -Y^  a,    P     -   pm,   (-  =  c  =  1) 
i   ~ 

a, p  being  the  usual  Dirac  operators.   In  terms  of  the 

quantum  variables 

to  ( s )  =  m  +  p 

where  6J  is    the    quantum  variable    associated  vjith  jl'^', 

2    3    2 

p  =  T~"  p.,   and  m  is  the  mass  of  the  electron, 
1^1   ^ 
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Often  it  is  useful  to  use  another  complote  set  of 
cormnuting  operators  to  express  the  spectral  representatiou 
of  -  ^^  ',    this  set  consisting  of  the  ener,^  J.  i^  '    itself, 
anf^ular  variables  (_'t)  ,  ^  representing  the  direction  of  :notion, 
and  the  variable  T  introduced  above.   This  set  of  operators 
\A  I         }  i^ !   5j  '^ (      ■^ill  also  be  denoted  by  S,  since  for 
much  of  what  follov/s  it  does  not  matter  which  of  the  tx-;o  sets 
of  quantum  variables  is  chosen.    Hore  the  quantura  variables 
s  consist  of  the  set  j  cc,  n3  ,    fi^'^r/  ^^fith  jcol  >  m  o  <  o3'  <  Sti, 
o  <  (j)  <  71.   It  might  be  noted  that  the  eigenfunctlons  of 
J  Lj    ^    given  in  most  textbooks  express  the  spectral  represen- 
tation of  ^  J'  '    in  terms  of  the  former  sot  of  quantum  variables, 
Hovrever,  for  the  calculation  of  transition  probabilities, 
the  latter  set  of  quantiim  variables  is  uiore  useful.   There 
is  a  very  simple  relation  between  the  representors  of  a 
state  in  both  representations  which  can  be  obtained  in  an 
obvious  V7ay, 

Having  chosen  our  system  of  quantization  variables 
we  vjill  set  up  our  number  r'-^presentation.   Following  a 
sus,-'estion  of  K.  0.  Priedrlchs  a  state  op- the  field  '^^'   is 
represented  by  a  set  of  functions  \J/  (s-,  .s^ , , ,  ♦  ,s  )  =   \1/  (s) 


or 


■^         N   ^  ^n'^  'nj 
where  the  functions  \J/  (s)   are  anti-symmetric  in  their 
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arevunents  s-,,,,,,s  .   If  all  \J;  (s)   vanish  oxccpt  for  n  =  m 
o        1'    '  n  n   ii  , 

then  the  fiold  consists  exactly  of  m  particles.   It  should 
bo  noted  that  the  representation  as  introduced  here  does  not 
distinguish  .between  electrons  and  positrons .and  is  thus 
syriiiiictric  in  these  entities,  as  opposed  to  the  raore  conven- 
tional "hole"  theory'".   The  inner  product  of  two  states 
^~T-'-'l'<-f;.->[4'>(s),,]   ,.nd -4-'- <-B-  [*n(^'n}  ^^ 

(^"f^  '"' ''-"K)  =  TZ    {  '^i'^'hs)    ■i,As)lds)      whore  (ds)   moans 
V  —     3   —  '    TT —  I      ^^  n  14.   n  .  .  n  n 

n  -^ 

integration  over  the  variables  St,So,,,,s  . 
o  1 '  c: '     n 

The  integration  over  the  variables  s  is  intci-^rctod 
as  a  suiniiiation  over  the  discrete  variables  and  ordinarj'" 
integration  over  the  continuous  variables. 

Wc  now  inti'o^'uce  the  annihilation  and  creation 

operators   A    (s)    and   A    (s)    iirhich   operate    on   tlic   str.te   vector 

"^-^     <--->    /\l/    (s)     t      in  the   conventional  manner, 
—  N         I  ^n^    -nj 

(1)  A-(st)-g^^<-^.->  (/nTl  ^■^^^^(s)^^_(r.M) 

xjherc  ^^+1^  ^"^  ^n^  ^  '  ^  moans  \J;.^_^^  (  s^, .  . .  ,s^,s  >  )   . 
Also 

(2)  A+(st)-4/  <„_>  |,/n  A  sy     ^n-1^  "^  ^n-l^^  ^n'^ '  ^j 

s^...s^ 

whore  A  'sy    f(s^.,,s  )  means  the  asymmetric  part  of 
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f(s,,.,s  ),  which  Is  the  sum  of  all  terms 

(-1)   f(s^  ,s„  •••s„  )    with  s   ,3    ...  s 
a-,  '  a„    a  '         a-,  '   a„      a 
1    2 n_  12       n 

being  a  permutation  of  the  variables  s  ,Sp,..,s.  and  p  being 
the  number  of  Interchanges  required  to  effect  this  permutation. 
The  function  5(3,3')  introduced  in  (2)  is  a 


generalized  5-function  defined  by 

/  r 

I  j  f(s» )5(s,s')dst  =  f(s)     if  I  includes  s 

J  a 

''     I  =   0  if  I  does  not  include  s 

I  being  the  range  of  integration  • 

As  usual,  A  (s)  and  A~(g)  obey  the  cor:i.,iutation 
rules  for  fcrmion  fields 

JA'^Cs),  A"(sT)'1   =  A^(s)  A~(st)  +  A"(st)A"*'(s) 


(5)  ^""(3),  A'"(st)l   =   0 

(6)  |a"(s),  A"(st)| 


i 

~      0 


where  the  curly  brackets  are  the  anti-comrautator  defined  in 
the  first  of  cquationa  {l\.) » 

For  the  electron-positron  fiold  the  above  commutatien 
rules  arc  equivalent  to 

(7)   (a^(s),  A^'(sm|   =   rA~^(s),  A"^'(s),|  =  0 
(6)   fA^(s),  A-^'(s'))  =   5(st,s)   . 
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+ 
In  (7)  and  (8)  the  operators  A"  (s)  are  to  be  regarded  as 

functions  of  s  in  terms  of  the  superscript  as  well  as  in 

+        + 
terms  of  the  parenthesis,  i.e.  A~  (s)  =  A"(s)  for  values 

of  s  corresponding  to  positive  energy;   A   (s)  =  A  (s) 

for  values  of  s  corresponding  to  negative  energies.   The 

comrautatlon  rules  (7)  and  (8)  are  sometimes  more  convenient 

than  ik),    (5),  and  (S), 
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Biqu?aitizod  Operators 

Having  introduced  annihilation  and  creation 
operators  we  can  now  construct  various  operators  which  operate 
on  the  states  of  the  field  from  operators  of  single  particle 
quantum  theory.   In  the  case  of  a  simple  fermion  field 
(see  c,g.[l  ])  a  i\rell-def ino^  biauantized  operator  [L]  . 
can  be  constructed  from  a  single  particle  operator  L  in  the 
following  vjay 

('       +  ^  - 

[L],   =  i  ;.  (s)L  ..  (s)ds 
-'•     J 

(9) 

[f    - 
=  j   ^-"(3,3');.  (s)A  (s'  )dsds» 

J  J 

Q 

where  L  is  the  operator  given  in  th^  spectral  representation 
of  the  operator  S  and  xmcre  L(3,s')  is  defined  by 


(10)       L^f(s)  =  I  L^(s,st )f(s«)dst 


f(s)  being  a  single  particle  state  in  the  S  representation. 
It  is  essential  that  the  creation  operator  and  annihilation 
operators  appear  in  the  order  shown  in  (9)  for-  operators 
such  as  [L] .  to  be  defined.   This  fact  motivates  the 
follovxing  definition  for  biquantizcd  operators  vjhich  was 
suggested  by  K,  0,  Priodrichs  for  the  case  of  the  electron- 
positron  field 
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11)    [L]^  =-  II  L  (s,s')ef  [a^(s)  A"^'(s«)J^,d3dst 


where 


(12) 


[A^(s)A~^' (st  )]^i  =  A^(s)A''^'  (st)   for   e'  >0 

=  A~^'  (s« )A^(s)   for   e'  <  0. 


This  prescription  for  obtaining  biquantized.  operators  from 
single  particle  operators  makes  it  unnecessary  to  discuss 
the  "sea"  of  positrons.   Furthermore,  biquantized  operators 
obtained  in  this  way  have  the  desirable  property  that  the 
expectation  value  of  any  such  biquantized  operator  '   is 
. '^■^■'■''  ,  [ '     '-T'^oy  ~  "^   where  "^ J  '  is  the  vacuum  state. 

Let  us  now  consider  some  examples  of  the  use  of 
(11).   Let  L  be  the  Dirac  Haniltonlan  C)S'^\      Then  in  this 
case 


(13)      L^(s,st)  =   co(s)  5(s,s') 


and  hcncG 


(iLl.)      [i'V°h^  =   /  l^j(s)|A"*"(s)A"(s)ds   . 


It  can  be  shown  that  if  the  state"*^^  is  represented  by 

^^<-,-T->  (\|/  (s)  7   then 
—   N    |_^n^  'nj 
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Note  that  only  the  absolute  value  of  6o(c)  is  In/olved  in. 
(Ik)  and  (l5)j  so  that  this  operator  has  a  positive  spectrum. 
[i^*'°'],,  is  taken  to  be  the  Hamiltonian  of  the  electron- 
positron  field  vjhen  no  electromagnetic  field  is  present.   IVe 
shall  denote  [/1^°^],   by  H^°\ 

Let  us  nox'j  consider  L  to  be  the  operator  EI  where 
I  is  the  unit  operator.   Then 

L  (s,s  '  )   =   e5(s,s' ) 


and 


/A"^(s)A'*( 


(16)      [EI]^  =/A(s)A(s)ds   =  N 

where  11  is  the  nwaber  operator.   Of  course,  as  in  the  general 
case  for  fermions  we  have 


(17)      If^^     <-^^->   [nV-)n] 


XiThich  follovj's  from  (1)  and  (2), 

To  defi?ie  the  number  operators  for  the  number  of 
electrons  and  positrons  we  must  define  tv;o  projection 

operators  5_  .^   and   5,-,   .,   which  will  play  an  essential 

« 
role  in  much  of  v;hat  follows.   The  operator  5   -  is  defined 


11, 


In  the  single  particle  thuoiy  in  terras  of  the  S  representation 
discussed  above  as  follows.   Given  a  single  particle  state 
"^"•^f^  vjhose  representer  in  the  S  representation  is  f(£), 

then  5^  -.'''^^    has  the  representor 
E,+l  — 


'e.+i"^^   "=---=•  'e..l     '<  =  ) 


where  5   -.    is  the  ordinary  Kronocker  I-function  which  is 
1  when  e  =»  +1  and  zero  if  e  =  ~1.   Thus 


5 


^,^lT(s)  =f(s) 
for  values  of  s  corresponding  to  positive  energy 

for  values  of  s  corresponding  to  negative  energy.   The 
operator  5   ,  is  defined  analogously. 

Now,  if  """^^f^  is  a  single  particle  state, 
('^',  5  ,-i'^J^/    is  the  probability  that  the  electron  has  a 
positive  energy.   Similarly  { '^^^',  5,,  -T^^J   is  the  proba- 

\  —       r.f-'X    —  y 

bility  of  the  particle  ho.ving  a  negative  energy.   Hence 

we  take  K   ,  the  operator  for  the  number  of  electrons  to  bo 
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(13)      N^  =  ^^E,+1^-^A   =  JA+(s)A"(s)5^^ 


^ds 


and  N   ,  the  operator  for  the  niimber  of  positrons  to  be 

f 
(19)      N_   =  f^E,-fI^A  ^        A'^(s)A"(s)5^^  _  ds 


It  is  soon  that 

(20)  N^   +  N    =   N 

Perhaps  it  would,  be  useful  to  exhibit  an  eigonstate 
of  N   ano  N^  in  order  that  these  operators  may  be  more 
clearly  understood.   Consider  a  function  f   (s-,s„)  which 
vanishes  when  s^  has  a  value  corresponding  to  a  negative 
energy  and  which  also  vanishes  when  Bp  has  a  value  corres- 
ponding to  a  positive  cnergj^e   Consider  next  tho  function 

(21)  ^^{s^,s^)      =  r_^^    (^1*^2^  "  ^+-  ^^Z»^j) 
The  state 

(22)  ^-^p   <-rT->  (o,  G,  \|/p(s,,Sp),  0,  0  ...  ? 


-L  2     IJ     r'    ^'    Y2V-i*-2 


i 


is  an  eigonstate  of  N,  H  and  N   simultaneously,   Fcr  from 
(17)  it  is  clear  that 
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(23)  N^p  =  2^=r 


-£-  2 

so  that  "^-^p  Is  an  cin;onstate  of  N  with  eigonvaluG  2,   Also 
from  (18),  (1)  and  (2)  it  is  soon  that 

^^+  X2      I  2 
(2i^-) 

''-.  -i-  2 


N_-^i^P   =  '4^. 


Hence  ""^"5^2  -^^  ^■'^  oigonstate  of  N   and  N  v;ith  an  eigenvalue 
1.   One  Intorprets  "^"J^  as  the  state  of  a  field  consisting 
of  two  particles,  onu  of  which  is  an  electron,  the  other  of 
vjhich  is  a  positron.   In  a  similar  'way  one  can  construct 
other  cigonstatcs  of  H,  and  K   ,  •        ' 

Wo  shall  now  construct  the  biquantised  charge  and 
current  operators  and  the  corresponding  charge  and  current 
density  operators. 

The  single-particle  charge  operator  is  c  where  e  is 
the  electron  charge.   The  function  L  (s,s')  is  thus 


(25)       L^(s,s' }   =  c6(s,s' ) 


and  the  biquantizod  charge  opera.tor,  which  we  denote  by 
Q   is 


(26)      Q  =   [cj.   =  o(li  -  lO   . 


lll. 


This  dofinition  is  a  nr.tural  one  in  view  of  the  fact  that 
rl  and  IT   are  the  nxamber  operators  for  electrons  and  positrons 
respectively,   it  might  be  noted  that  the  state  "'"J^p  defined 
above  is  an  eigenstate  of  Q  with  eigenvalue  zero,  so  that 
^^-^P  corresponds  to  a  field  viith  zero  total  charge. 

The  single  particle  current  operator  is  eV« 
where  V.  is  i'th  coraponcnt  of  n  the  velocity  operator.   But 
from  the  Dirac  theory  of  the  electron 


V,  =  a. 

so  that  the  i'th  component  of  the  single  particle  current 

3 
operator  is  ea. .   We  write  the  function  L  (s,s')  as 

ea.(s,s')  and  the  i'th  conponent  of  the  biqu,?j.itized  current 

operator  which  we  denote  by  V.  is 


(27)      J^  =   0 /'/'e»a^(s,st)  [A+^(s)A''^'(s')]^,  ds  ds' 


To  obtain  the  charge  and  current  density  operators, 
one  is  compelled  to  use  the  x-reprcsentation.   Wo  shall 
discuss  this  representation  shortly.   The  single-particle 
charge  density  operator  vjhich  gives  the  density  at  x'  is 
o6(X  -  x'),   X  being  the  collection  of  operators  X,  Y,  Z. 
F  or  the  single  particle  case  6(X  -  x*)  is  aefincd  in  terms 
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of  tho  x-roprcscntation.   If  the  singlc-pax'tlclo  state  ""^-^ 
has  as  its  x   roproscntGr  the  function  f  (x)  (x  =  (x,  y,  z  )•  ) 
then  5(X  -  x' )"^^p^  has  as  its  rcpresentcr  5(x  -  x' )f  (x) 
in  which  5(x  -  x' )  is  tho  throo-dlmonsional  delta  function. 
The  one-particle  charge  density  is  clearly  highly  singular. 
Our  choice  of  the  charge  density  operator  is  raotivatcd  by 
the  fact  that  the  one-particle  matter  density  probability 
at  x'  is  Just  the  expectation  value  of  5(X  -  x' ) , 
The  biquantizod  current  operator  is  then 

(28)  p(xt)  =  [e5(X  -  xt)]. 

The   biquantizod   current  density   operator  is 
siiiiilarly 


(29)  J.(x')    =   [ca.6(X  -  X')] 


ji 


Equations  (28)  and  (29)  v/lll  be  discussed  ricro  fully  shortly. 
It  will  be  later  shox/n  that 

J  p(x')  dxi   =  Q 
J  j.(.:t)  dxt  =  J^ 

if  the  integrations  are  carried  out  over  all  space,  and  the 

definitions  (26)  and  (29)  x-/ill  bo  coraparcd  with  the  usual 

vacuum 
definitions.   It  should  be  noted  that  the/y_expectation  values 


/. 
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of  p(x)  and  j.(x)  as  cTcrinod  above  arc  zero  as  explained 
previously,  vfhcreas  the  vacuijon  expectations  of  the  more 
conventional  current  and  charge  densities  yield  ambiguously 
defined  constants. 

Many  other  biquantizod  operators  cosi   be  defined 
in  a  similar. fashion.   However,  we  shall  restrict  our 
discussion  to  those  introduced  above. 


The  author  is  indebted  to  Dr.  B.  Zioiiiino  for  this  simple 
method  of  obtaining  the  charge  and  current  density  operators, 
The  author  previously  obtained  the  s.ame  result  foj'  thcpe 
densities  by  a  somex-jhat  more  cu:nbersome  procedure. 
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The  X  -  Representation 

Thus  far  we  have  restricted  ourselves  to  a  nioiJibcr 
representation  using  a  set  of  quantization  variables  in  which 
the  Haniiltonian  of  a  field-free  single  electron  is  spectrally 
(or  diagonally)  represented.   The  reason  for  using  this  set 
of  quantization  variables  is  that  the  sign  of  the  energy, 
which  plays  such  an  important  part  in  the  cormiutation  rules 
for  the  annihilation  and  creation  operators  on.d  in  the 
definition  of  biquantizod  operators,  is  either  one  of  the 
vai-'iablos  s  or  can  be  made  a  function  of  the  variables, 
depending  on  vjhich  set  of  quantization  variables  is  chosen 
(sec  page  3  ),   The  use  of  other  sots  of  quantization  variables 
for  setting  up  a  number  representation  would  be  very  cluiasy. 

However,  there  arc  tx-JO  operators  which  are  often 
used  with  a  set  of  quantization  variables,  corresponding  to 
the  x-rcpresentation  of  the  annihilation  and  creation  ope-ra- 
tors  in  the  conventional  number  representation.   This  opera- 
tor is  important  because  in  the  Hoisenberg  picture,  the 
differential  equation  for  this  operator,  which  is  of  the 
same  form  as  the  ";;irac  equation  for  a  single  electron  in  the 
SchrBdingcr  picture,  implicitly  gives  the  Hamiltonian  for 
the  electron-positron  field  interacting  with  an  external 
electromagnetic  field.   To  study  this  operator,  wo  shall 
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review  briefly  the  x-rcproscntatlon  of  states  for  a  single 
electron. 

In  the  x-roprosontation  for  the  one  electron 
problem,  states  are  represented  by  "spinors"  which  arc 
functions  of  x  and  'mother  vari  iblc  [j,.   The  variable  jj,  is 
restricted  to  four  values  v/hich  may  be  taken  as  1,  2,  3,  h» 
States  in  this  representation  cm  be  vjrltten  as  f(x,[J.).   The 
inner  product  of  ti:o  states  in  this  representation  has  the 
form 


21   1  f^^^  {x,\i)t{x,[i)duz        . 
\x       J 

The  complete  ect  of  commuting  variables  which  are  spectrally 

represented  in  this  way  couli'  be  given,  but  for  our  purposes 

it  is  not  necessary'-  to  discuss  this  matter  in  detail. 

The  quantization  variables  s  discussed  earlier 

correspond  to  the  use  of  the  energy  representation.   If  a 

state  "^^^     is  represented  by  f(x,ix)  in  the  x-rcprcsentation 

and  by  g(s)  in  the  energy  representation  f(x,iJ-)  and  g(s) 

are  related  by  a  linear  transformation  iijhich  can  be  expressed 

as  an  integral  operator  X\rith  the  kernel  "X,^  '(x,|j,;s)  or 

r 
(30)      f(x,^.)  -  I  X(°)(x,tx;s)g(s)ds 


The  functions  X^°'(x,ii;s)  arc  nothing  other  than  the 
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Gigcnfunctions    of  _i  ,_^    '   ijhich  arc   given  in  the   textbooks. 


i  ♦  o  ( 


(31)       iY°)^'^^    X(^)(x,.,t;s)    =    6o(s)    X^°)(x,^.;s) 


where  it     '    '^  is  the  Diro-C  Homiltonian  in  the  x-rcpresen- 
taticn 

(32)    P^^^)^>\'   =  i  ^  ai^  ^  -  pl'm 

1      1 

and  satisfy  the  orthogonality  conditions 


(33)      rZ.    f  X^°^(x,ii;s)  A^°^x,ia;s')dx  =  5(3,st) 

(3iL)         /xP^(x,^i;s)  X^°^xt,^xT;2)ds  =  5(x,x«)5^^,  . 

air  ,  p^  arc  the  usual  Dir-ac  matrices. 

Lot  us  now  return  to  the  electron-positron  field 
thcorj-.   The  operators  x-rhich  we  x;ish  to  introduce  in  the 


x-rcproscntation  are  _-_(x,ti,)  and   -    {"-,V^)    which  arc 
related  to  the  annihilation  and  creation  operators  In  a 
manner  analogous  "'^o  (30).   V/e  define  these  operators  by 

-  (x^ix)  =   I  7v.^°^(x,li;s)  ;.'*^(s)ds 
(3^) 

3:+(x,ti)  -  j  -x^°)(x,^i;s)  A+^(s)ds 
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The  orthogonality  condition  (33)    leads  to  the  relation 

A-^(s)  =YZ\    ■/^^^x,tx;3)  3ix,^)  dx 

(36) 

a'-^(s)  =  YZ  I   y(^)(x,p.;s)  3:''(x,ii)  dx 
[J-  J 

+ 
as  in  an  earlier  context  the  operator's  i^      (s),  ^re  to  bo 

considered  as  functions  of  the  superscript  e  as  well  as  of 

the  argument  s . 

The  operators   -  ~,  ~^   obey  the  following 

coininutation  rules,    as    can  be   shown  from   (7)    and    (o) 

(~-~  ^i-^,^),   -^Ix'^iat)]      -        5(x   -   xt)    5 
(37) 


=0 


Wo  arc  now  in  a  position  to  express  our  biquantized 


+ 


operators  in  terms  of   -   ,  _-_   and  compare  those  opera- 
tors with  the  raore  conventional  operators  obtained  from  the 
Lagrangian  form.allsm. 

The  energy  opoi^ator  H   ■  can  be  expressed  in  terms 
of  "~^~  ,      -  ,"  as  follows  03-  means  of  {II4.)    and  (36). 

(38)    H^°^  =  n  ie:  ''(-.^)  i'i^°^^'^  z:"(^.t^)  ^x    . 

.   -  6(s  -  s)    dsiaj(s«)  I  '  , 
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This  expression  differs  from  the  usual  expression  vihich  is 
the  fiist  term  of  the  above  expression  by  the  hir^hly  singular 
constant  5(3-s)  j  ds'U)(s')  5  ,  ^  which  can.  be  interpreted  as 
tlie  energy  of  the  "sea"  which  has  to  bo  subti'actcd  to  raako 
E   '  a  positive  definite  operator. 

The  current  density  operator  also  has  an  interesting 
fonn  in  torras  of  the  opcro.tors   -  '",  ""'-     . 

First  of  all,  the  function  L  (s,s')  corresponding 
to  the  operator  5(X  -  ::'  )  is 

;^  Jx^°^-^,l^is)6(x  -  x«)  X^°^(x,tx;st)  dx 


M- 


"Z:"5c^°^-^^^;s)  -/J^'^-S^^;2i) 


phus 


'^^°hz:\   .ii.-s^  -v-^^'^f  tJ  II  -Rl 


(28a)   p(xt)  =  0  ^   -5[^^^(xt,ix;s)x'"^-',l^^st)   . 


^L 


.  et  [.;+^(3).;-^'(st)]   dsds» 


Prom  this  form  of  the  expression  for  p(x'  )  v;c  can  show  that 
I   p(x' )dx»  =  Q  .   If  wc  take  the  integral  j  p(xt  )dx*  ^^re  s©o 
that  by  Interchanging  the  order  of  integration 

p(x«)dxt  =  0  I  f  [  21  fy^''^(x',u,-3)X^''^xt,ti,-st)dx'7   . 

.   e»  [;/^(s);r^'(si)]^,  dsdst 
J  5(s,3»)et[A+(s)A-^'(st)]^,  dsdst  =  [o]^. 


=  c 


=  Q 
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Hence  the  charge  density  operator  has  the  prop^^rty  that  its 

integral  over  all  space  is  the  charge  operator  as  desired. 

Now  to  obtain  p(x)  in  torins  oT   -  ",   -^     we 

+ 
substitute  the  expressions  (36)  for  A~   in  (28a)  and  find 

after  soirio  rearrangement  that  p(x'  )  can  be  exprossod  in  terms 

of  any  of  the  equivalent  forms  bolow 


(39) 


p(x)  =  0  i:Z''(x,tL);;^Tx,^i)  -  o  i:!X^°^t^;3)X^°^(ti;s)6^  _^ds 


V +, 


'(^)^M.CW('^)^,.. 


=  -°  T:3;(x,ti)3]^(x,y,)  +  e  i:,X'^(l^;s)X^"^(lx;s)5  _^^ds 


1 


o  T- 


-^(x,^)  -(x,ti)  -  _-_(x,ii)  _2^{x,[i) 


+  •^  c 


r 


''^'^hn-f,\    V(°) 


r:i  r■^^(^^;s)  y^"^t^;s)5      di 


;(o) 


(o)^,., 


~j 


X"^(i-i;s)  X"^(tx;s)5^^^^ 


ds 


vjhore  the  functions  "X.  "^  ([J-js)  are  defined  by 
(kO)      y^°^x,l-'^;s)  =  eiP-^y^°)(tx;s) 


p.x  being  the  inner  procuct  of  the  niomontuiri  and  position 
vector.   These  functions  are  called  the  "splnor  coefficients" 
of  tho  plane  wave   o'^P*    and  are  the  usual  ones  given  in 
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text  books. 

It  should  bo  noted  that 


yj°^ti,-s)  ■X^'')(tx;s)ds  =  jy(°)(x,n;s)'X^°)(x,^.;s)ds 

=  ^tx,tx  ^(^  -  ^)  =  5  (0) 


from  the  orthogonality  relations  between  the  oigenfunctions, 
Thus  the  terms  independent  of   x  in  the  definition  of 
current  arc  highly  singular  functions,  of  the  nature  of 
5(0). 

By  expressing  _-_(x,^),  _-_  {x,[i)    in  terms  of  a  (s) 
we  find  that  for  states  represented  by  ^-^  <--=->  (\}/  (s)  (• 
140   have  the  expire  tat  ion  value  of   p(x)   given  by 


iki)  [h  p(^)  5] 


00 


=  1:1: 

[i    n=0  1 


(n+l)j  (ds)^ 


|X^°^(-,l^;s')Vl(-)n^^')^eT,-M^^' 


+    1   jX^^(x,t^;s')yi/         (s)    (s«)    5  ndstl^ 


et,~r 


if 


+  2R  ^n+l  '^n+2j  /  j   (ds)^dst    ds"    ^^^i^) n'^^+z'^^K^^' ^ '^"'^  ^ 


y^iy^^'^i^')   X^°^x,p,;s")    5^,^^-j_5^„^^-i_ 


where  R  means  the  real  part.   This  expression  is  finite  for 
a  large  class  of  states  "'"fP'  •   H^ncc   p(x)   is  a  well 


^il. 


dcfinGd.  operator  in  a  suitable  subspacc. 

By  virtue  of  our  definition  of  biquantizcd 
operators,  the  operator  p(x)   has  the  gratifying  property 
that  for  states  '^^'^    i-ililch.   correspond  to  the  vacuum  state 


—  o 


Tje  have 


(41a) 


(•^"o'  P(-)  '5-o)   =  0- 


That  is,  the  vacuum  expectation  of  the  charge  is  zero.   The 
usual  form  of  the  charge  density  operator  due  to  Heisenberg 


is 


-z 


M-  L 


-+ 


-  (x,ix)  -  (x,ii)  -■-(x,|a)  -  (x,ix) 


v;hich 


differs  from  our  definition  by  the  highly  singular  constant 


|o 


5ljx<°'(ii;s)  t6"\v-;^)   e^^^ids 


a  J 


f%^°^^; 


s)  'v(o)(^.3^  5     .3 

t.,  — -L 


so  that  the  vacuura  expectation  of  the  usual  charge  density 
is  just  this  constant.   Various  excuses  arc  then  required 
to  permit  one  to  set  it  equal  to  zero.   But  using  the 
charge  density  operator  of  the  present  paper  we  obtain 
(l^la)  merely  by  expressing  ]^   and  ^"  in  terms  of  A 
and  a"  and  taking  the  expectation  value  in  a  straight- 
forward fashion. 
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By  working  In  the  x-rcprcsentation  we  can  under- 
stand more  clearly  the  form  of  the  current  and  current 
density  operators.   In  equation  (27)  wo  can  express 
a|(s,st)   by 

r 
a2(s,st)  =^  jdxy^^'^(x,^;s)  a^^  yj°  ^  (x,[x;st  ) 


so   that   one  raay  now  express    J.    c;cplicitly   in  terras   of  the 


operators     A    ( s  ) , 


In  the  case  of  the  current  density  operator,  the 


function  L^(s,s')   in  (29)  is 


oH  rdx-x(^)(x,ix,-s)  5(x-x»)  a^'y^''^x,^i,-st) 
V-    J 

=  0^  a^^^(xi,^t;s)  a^'a^°^(x',ix;st). 

It  is  clear  that 


^i   "     J'i^^'')  '^^' 


where  the  integration  is  taken  ovor  all  space.   In  terms  of 
the  operators  ~'-   and   -   '   we  can  express  the  currexit 
density  as 
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(i|2)     j.(x) 


r- 


•J 


X^''^t^;s)a^y(°^(n;s)5^^_^d5 


1 
2   ° 


1^ 


+  -^  G 


which  diffors  from  tho  Heisenbcrg  current  oporr.tor  by  a 
highly  singul.ir  constant.   As  in  the  case  cf  tho  charge 
density  operator,  tho  vacuum  cxpectatiun  of   j.(x)   Is 
zero, 

¥c  shall  show  later  that  tho  current  and  charge 
density  operators  satlsf^^  the  equation  of  continuity  in  the 
Heisenbcrg  picture. 
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Variation  of  States  and  Operators  with  Tipie, 


Having  indicated  the  spectral  representation  of 
H  '      the  blquantlzcd  Hai'ailtonian  for  the  field-free  case 
we  can  solve  the  SchrBdinjor  equation  for  the  oloctron- 
positron  field,   Tlie  SchrBc'lngcr  equation  is 


C^  =  H(°)H-(t) 


(^^3)      1  -^ 


for  i\fhich  the   solution  is 


•^-t(o) 
([i4)  ~^^"    (t)    =   e"^^^^        -J''-(0) 


where  "^(0)  is  the  state  at  ti:ue  t  =  0,   If  we  use  the 
nunibGr  representation  a,nd.  write 


wo  have  frora  {i]l<.)    and  (l5) 


n 


-it[T~lco(s,)i] 


(M.6)  ^^i^)^(t)    =  o    ^-1         ^i(^)n 


2-8. 


Equation  (I|-6)  ropresonts  the  solution  of  (1x3)  in 

a  form  useful  for  calculating  expectation  values.   It  is 

(o) 

clear  that  the  expectation  value  of  K  and  H   ,  the  number 

operator  and  Hanilltonian  respectively,  are  constant  in  time. 

Let  us  noT;  consider  the  Helsentaerg  picture.   Any 
operator  L  given  at  tii-io  t  =  0  is  given  at  time  t  by 


Hl-l) 


L(  t )  =  e       L  e 


For  the   annihilation  and   creation  operators    tl-  is    leads    to 


(^^3)         < 


or 


/^A"(s)(t)    =   e~^tl..:(s)  1     .^-.^^^ 


..+  (3)(t)    =   c-^"l^(^)l    A^(s) 


V. 


(1^8a) 


A^^(s)(t)   =  c^^^'^i^)   ;Je(3) 


A  (a)  and.  A  (s)  being  the  creation  and  annihilation  operators 
at  time  t  =  0,   Using  (b-8)  it  can  be  seen  that  the  number 
operators  N,  N  ,  !!__  are  constant  in  time  as  is  to  bo 
expected. 

It  is  also  seen  that  the  charge  operator  Q(t)  is 
constant  in  time.   It  can  be  shovjn  that  the  current  operator 
is  also  constant  in  time. 
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The    operators  j-_(x,iJ.)  ( t )    and  _-_      (x,[x)(t)    arc    ta]:Gn 

+ 

to  have  the  same  relation  to  A~(s)(t)  as  _-_(x,iJ,)  and 

I  i    '  ■ 

-   (x,iJ,)  have  to  L    (s).  I.e. 


(35a) 


•{x,[i){t)   =    |X^°^^,t^;s)  A"^(s)(t)  ds 


•'(x,ii)(t)  =     x^''^x,i^;s)  //^(s)(t)  ds 


=  JX(°)(X,^;S)  e^^^^^)  ;>^(3) 


ds 


(36a) 


[I   J 

A+^(s)(t)  =  21  fx^"^^,i^;s)  Z  '"(^.t^)(t)  ^^ 


It  is  clear  from  (35a)  and  (31)  that  _::.  ,  Ji.  "^  obey  the 
Dirac  equations  for  the  field  free  case 

(M-9) 

It  can  now  be  shown  that  the  current  and  charge  density 
operators  defined  above  do  indeed  fonnally  satisfy  the 
equation  of  continuity  as  required 
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±£i^.l     +     c^lv   j(x)    =  0 


-^  t 

the  proof  bc5_ng   ossontiall;,'-  the    s.mnG   as    in  the   one-pax'ticle 
theory  if  one  puts    "bomiclary  conditions"    on  the   operators 
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Interaction  of  the  Electron-Positron  Piold  with 
an  Eloctroraagnotxc  Field 

The  v;av  the  interaction  x-;ith  the  electromagnetic 
field  apjjears  is  through  ^"'-n  equation  for  ]^(x,tx)(t)   in  the 
Hciscnberg  picture.   The  equation  for  ]^(>:,1J-)  ( t )  is 

(50)    .TL^'^'  2I(x,^)(t)   =   i  ^^"(-c,ii)(t) 

A^'^  Z  "'(^^»P')(t)   =  -i  .^Z  '■(x,ti,)(t) 
V7here 

(51)  iV^t^  =  n^'^^  1-^(0)  +  0  r6^^ 

(52)  _r\^.i^(i)  =    y:  4  -i(^o  +  4(x) 

where  in  our  problora  A.  (:c)   and  4'(x)   ^-^c  the  coiaponunts 
of  the  vector  potential  and  scalar  potential  and  are  given 
functions  of  x.   The  form  of  1  1:  '    given  in  (5o)  corresponds 
to  an  interaction  with  a  point  electron,   Somutines  it  will 
be  convenient  to  think  of  ..(  ^    '      having  a  more  general  form, 
so  that  the  interaction  ;-Jould  bo  th?.t  corresponding  to  an 
electron  of  finite  size,  which  in  the  limit  x-jould  take  the 
form  (50), 

The  commutation  rules  for  ~^(x,[x)(o)  =  Z(x,tx)  , 
~^   (x,ix)(o)  ~  ~^     i^)^^)  s   A  (s),  A"'(s)  are  taken  to  be  those 
given  previously.   The  relations  (35a),  (36a)  X'jhich  relate 

_-       _  +         i 

_-_(x,y,)  (t) ,  _-_   (x,p,)(t)  to  A  (s)(t)  arc  taken  as  being  valid 


32. 


even  with  the  intoractlon. 

Howcvor,  the  oqiiations  ([|.6)  and  (I4.8)  which  give 
+ 
A*"(s)(t)   In  the  Hciscnborg  picture  and  ^    (s)  (t)   in  the 

Schrticlinger  picture  as  functions  of  time  in  toiTis  of  these 

quantities  when  t  =  0   arc  no  lon[':cr  valid.   In  fact  the 

problem  vrhich  we  vjish  to  solve  is  hovj  to  express  these 

quantities  as  functions  of  tine  in  terras  of  the  quantities 

x-rhcn  t  =  C.    Then,  if,  for  c:ramplo,  one  uses  the  SchrBdinger 

picture,  it  is  possible  to  find  expectation  values  cf  various 

operators  /  (  """J-^  ( t )  ,  P '"^"^(t )  j  as  fmictions  of  time  vjhcn  these 

expectation  values  are  known  at  time   t  =  0« 

There  arc  several  equivalent  ways  of  finding 
+  + 

A''(s)(t)   or  T?j^(s)^(t)   interns  of  A"*(s)   or  ^If^^Cs)^  . 

/iniong  them  tx-jo   of   the  r.iost   obvious   arc   the   following: 

1)   One  may  solve  the  operator  equation  (50)  as  though 

~^(:;:,[jl)  ( t )   XNTcre  an  ordinary  function,  through  the  use  of  an 

+ 
influence  function.   Then  laio  could  find  A"'(s)(t)   in  terms 

+  ■  + 

of  A^Cs)   using  (3^3.),      Since  one  knov/s  how  A'*(s)   operate 

on  the  Hoisonberg  states,  one  would  be  able  to  see  hex; 

+ 
A~'(3)(t)   operate  on  these  states  anc'  thus  it  X'jould  be 

possible  to  find  expectation  values  of  biquantized  operators 

+ 
constructed  x/ith  the  aid  of  A~(s)(t).   This  point  of  view 

is  close  to  that  exemplified  by  the  vjork  of  Yang  and  Peldman 

[2],   The  disadvantage  of  this  method  is  that  the  influence 
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function  involves  singularities  which  must  be  hcndlec"  vor^- 
carcfully.   To  obviate  the  necessity  of  dealing  x;ith  such 
influence  functions  directly,  wo  use  a  second  laotnod,  xjhich, 
howover,  is  valid  only  for  the  condition  that  A.(x),  4(^^) 
arc  time  independent, 

2)   One  considers  the  oigcnf unctions  ")('(::, (j,;v)  of  the 
HoJTiiltonian  ll.      Hero  v  consists  of  a  complete  set  of 
commuting  variables  such  that  the  energy  v  is  a  function  of 
thorn  (or  is  one  of  them),  i.e. 

(53)     fV'^  y(x,ti;v)  =  v(v)  "X(x,n;v)   . 

One  can  then  define  annihilation  and  creation  operators 

+ 
B'*(v)(t)   in  a  manner  aiialogous  to  equations  (35a),  (36a), 

Purthermore  an  energy  operator,  constc'jit  in  time,  can  be  de- 
fined for  the  electron~positron  field  through  the  biquantiza- 
tlon  of  ii  using  the  operator  B  (v)(t).   The  new  nuinoer 
operator  M  =  j    B  (v)(t)3  (v)(t)d.v  will  be  constant  in  time. 
One  has  thereby  introduced  "eigen-particles"  or  "proper 
particles".   In  this  representation  the  Schr^dingcr  equation- 
can  be  solved.   It  is  then  only  necessary  to  find  a  transfor- 
mation from  the  N-representation  to  the  M-represontation, 
which  is  equivalent  to  finding  a  canonical  transformation, 
after  which  it  is  possible  to  obtain  the  reprcscnters 
\!/  (s)  (t)  in  terriis  of  \t'  (s)  ,   The  lectures  of  Xroll  [3] 
exemplifies  this  point  of  view.   In  the  next  section  we  shall 
introduce  the  proper-particle  representation. 


3i|. 


The  Proper  Particle'  Representation 

Wo  shall  assLiino  that  the  spoctruni  of  ills  the  sajtio 
as  that  of  S  )>'   ',      Then  v  is  a  sot  of  variables  whose 
spectruTi  has  a  range  of  values  the  same  as  that  of   s,   Korc' 
over,  the  function   v(v)   is  the  s.amc  as  '-o(v),   v(v)  =o^{v). 
It  might  appear  that  this  assir.'.iption  is  very  restrictive,  but 
this  assuTiiption  is  iiTLplicit  in  rauch  of  the  work  e.one  in 
noclcrn  field  theory,   Vjliat  follovjs  can  bo  generalized 
considerably  so  that  any  spectrum,  nay  bo  assuraed  for  -T '-  , 
the  special  assuraption  above  being  used  principally  to  nako 
the  problem  definite, 

¥c  introduce  annihilation  and  creation  operators 
B^Cv)   and  a  number  operator  M  =  /  B  (v)B''(v)dv.   These 
operators  are  defined  with  respect  to  a  rci^resentation 


T"<-:--  {Sn(^)n] 


+ 

in  a  riannor  sinilar  to  the  definition  of  the  operators  /."(s) 

on  "^-^''  vjith  respect  to  the  roproscntation  '"-^  <-|7->  |  \)/  (3)  ^ 

-  +  N   ^  n   n; 

(see  equations   (1)  and  (2)),   The  operators  B''(v)  obey 
commutation  relations  similar  to  (7)  and  (3),   VJo  shall 
denote  the  sign  of  tlie  energy -1^  by  C     (iota).   The  comj-iuta- 
tion  rules  arc  then 


3>S, 


(B^'(vt),B"^(v)|   =   5(v,vi) 

+ 

As  vrith  the  operators   ij,''(s),  wo  c^.n  biquantizo  with  rospoct 

+ 
to  b"(v)   an  operator  L  defined  for  first  quantization. 

Denoting  such  a  biquantizcd  op-_rator  by  [L]td  ^-^g  write 

(55)  [L]^=  jj  j7{v,^^)6      [3  (v)3''"(vM]^  ,  civ  dvt 
where  L^(v,v' )   is  the  integral  operator  defined  by 

(56)  L^f(v)   =  /  L^(v,v')  f(v')dvi 

f(v)   being  a   single  particle   state   in  the  1  L  represent at ion. 
Also 


l^Ctr^R"'^'  r-irt   ^  ]  ^     T^C(yr\      vT  ^^ 


(57)         [B^(v)B~''    (vt)]^,    ==  B<^(v)    3"'  for     ^»    >0 


-  b"*^'  (v)    B^(v)      for     <:  t    <  0, 


In  particular  the   energy  of  the   field   is   given  as 


(53)  t-^^B"     /    l^('Ol    B-^Cv)    B"(v)    dv. 

Wo   denote   the   oiocrator   [jTi]-  =  H. 

o 

It  can  be  shoxrn  that  if  ~^''   <-,-.->  (^  (v)  t  then 

-'-    M   ;  ^n^  'nj 

H"^^  is  represented  by 


3S. 


H^'   <--->     it.    l^-^(^l)l    ^n^^'^ 


Thus   H  has   the   sarae   siocctrun  as   H        •      In  fact,   this    is    one 
of  the   objoctj.vos    in  sotting  wp   tho  Haniltonian  as  wo  have. 

Though  this   a2su_aptlon  for  tho   Hxilltonian  sooms 
special,    it   should  bo   rocollectecl   tho.t  nest   roccnt  t-jritors 
have   implicitly  made    the   saiac   assujinption.      Per  exar.iple, 
Schxifinger   [  I4.  ]      seeks    a  canonical   trans forr.iat ion  x-jhich  trans- 
fon'.is    tho  H'uiiltonian  of  an  electron-positron  field   inter- 
acting vjith  an  electromagnetic   field  to   the  Kmiiiltonian  of 
an  electron-positron  field  ^^rithout   the   olectrcirLagnctic   field, 
Tho   assur.iption  that   such  a   canonical   transf oriiiatlon  exists 
iriplios    that   tho   tvjo   Hav.iiltonians   have    the    soano   spoctrur.i. 
It  might  bo  noted   also   that  when,    as    is    often  done,    tho 
oloctronaagnotic  potential   is   taken  to  be   that   for  the  C'  ulomb 
potential,    this   condition  on  the    spectruiu   is   net   satisfied, 
and   a  laorc  detailed  discussion  is   ncccssar;;^'-. 

If  we   vxritc   tho    solution  of   tho   SchrBdingcr  equation 
as 

(59)  -^1^"(t)      =      c""   ^^-^^ 


and  represent  -J-'Ct)      as   -J"(t)    <--->     f^,^(v)^(t) 


37. 


(60)  ^n(")n(*)  =  °  ^n^"')-   • 
In  the  Holsonbcrg  picture  one  can  shox^/ 

(61)  B-(v)(t)  =  B-(v)  c-i^l^-^(^)l 

B-^(v)(t)  =   3+(v)  o+i^l'-^(^)l 

In  analogy  to  (I|-8)«   Honco  the  nixmbcr  operator 

M  =  I  B  ( v)  (t)B"(  v)  ( t)d.v  is  a  constant  as  is  the  Hpjnil- 

tonian  H=  |  1 '-o(  v)  1b"^(  v)  (t )  B"(v)(t)dv. 

The  operators  B'*(v)   can  bo  rolo.tcd  to  the  opera- 
tors ^(x^M-)   ^^d  IHI  ('■^^l^)   '°y  riieans  of  the  cigenfunctions 
)({7ij\i;v)      of  the  Hainiltonian  1  L  ,      The  relations  (aivcn  for 
an;-  time   t   in  the  Heiscnborg  representation)  are  in  analogy 
to  (35a)  and  (36a) 

(62)  — "(::,^)(t)  =  I  X(x,ix;v)  B''\v){t)    dv 


T- 


'-  I      --  +(, 


(x,.L)(t)  =   Xi^,l^^^)    3^^(v)(t)  dv 


(63)      B"*^(v)(t)  =  }2       K-.^rO  ji.Ix,ti)(t)  dx 


r 


B"*'^v)(g)  =   J:  {  ■X(x,li,-v)  2:+(::,^L)(t)  dx   . 

It  is  clear  that  our  definition  of  energy  of  the  field 

+ 
(58)  which  loads  to  the  relations  for  B'*(v)(t)  as  given 

by  (61)  is  correct  in  the  sense  that  from  (62)  ^^^o  have 


38, 


fV'^   25-*^)(t)  =  1  1^  ^{x,[i){t)  and 


^^x,u  -^  +(x,^x)(t)  =  -i  2^  21  '■(^,lJ')(t) 


as  is  necessary  (see  discussion  of  equation  (5C))« 

Equations  (62)  and  (63),  and  {3$'^)    ■'liid  (36a) 

+ 
provide  the  relation  between  the  operators  3~(v)(t)   and 

+ 
A'"(s)(t),   The  relations  arc 


(6k)      B"^(v)(t)   =  ]   u(v,-s)  -^(s)(t)ds 
B"*'^(v)(t)  ^f   u(v;s)  ;."^^(3)(t)ds 


and 


(o5)      ;r^(s)(t)   =y*u(v;s)  B"VO(t)d 


V 


A"^^(s)(t)   =  fu{v-s)    B''^v)(t)dv 


irhere 


(66)      u(v;s)  =  Yl       Xi^il^i"^')    K      i^,\^}^)    dx 

V-    J 

and  is  the  kernel  of  the  integral  transf criiiation  which 
transfoiTfiS  the  single  particle  reprosenters  in  the  spec- 
tral representation  of  ii.  '■^  in  the  representor  in  the 
spectral  representation  of  J.  L  ,        This  point  will  be  dis* 
cussed  more  fully  shortly. 


39. 


It  should  be  noted  that  u(v;s)  satisfies  the 
orthogonality  conditions 

J  u(v;s)  u(v;s')  dv  =   6(s,s') 

u(v;s)  u(v';s)  ds   =   5(v,v') 

Using  relations  (61).)  and  (65)  and  the  above  orthogonality 

conditions,  we  can  express  the  charge  operator  Q(t)  in  terms 

+ 
of  B""(v)(t).   It  is  foujad  that  Q(t)  is  constant  in  tlTTie, 

Hence  the  charge  operator  is  a  constant  of  the  motion  and 

electrons  and  positrons  are  created  in  pairs.   In  the 

original  picture  of  Dirac,  these  statements  v/ere  obvious. 

In  the  present  description,  the  proof  sketched  above  is 

required. 

It  is  also  easily  seen  that  the  current  density 
and  charge  density  operators  satisfy  the  equation  of  con- 
tinuity even  when  an  external  electromagnetic  field  is 
present. 

It  is  perhaps  interesting  to  express  H  as  the 
sum  of  H^  '  and  a  perturbation.   For  this  purpose  we  shall 
express  the  perturbation  in  terms  of  the  operators 
~^   f   ^    .   Our  result  can  bo  written  as 


ko. 


Using  the  express  ion  (52)  for  fr'^'^'^   v;o  sec 'that  the 
perturbation  is 


(x,^)  (\{x)    dx 


+ 


I!in  Z^(^^^l^)  a^  _z.'"(x,tx)  A^(x) 


dx 


1   '^ 


p(x)  cl>(x)  dx  +  ^  j^(x)  A^(x)  dx 


'(")^,..^  v(^^^) 


+  H  X^"^(^t;s)  ^^'M^^;s)  a^  _^  dx  d^x)  dx 
'^  ]  'J 


7 


1   tx   I 


r 

-,  dx  '  A .  ( X )  dx 


^^rhich,  cxcuTDt  for  the  last  twc;  terras,  is  the  usual  fonii  of 
the  perturbation.   The  last  two  terms,  though  higlily  sin- 
gular, vjill  not  affect  expectation  values  of  various 
biquantized  operators  inasmuch  as  these  terras  arc  merely 
constants • 

It  might  bo  noted  that  if  we  had  been  dealing 
with  an  electron  field  tho  relation  (6[[.)  would  have  been 
ropla.cGd  by 


(6J+a)      B"(v)(t)  =  j   u(v;s)  A'*(s)(t)  ds 
B  (v)(t)  =  ;  u(v;s)  A^(s)(t)  ds 


I^l. 


Prora   (6I4.)    and    (65)    ono    sees    that 

--e/    ^,,^         /   -/         .    ^- ^,    .      -lLt\co  iv)\ 
A      (s)(t)    =   /    u(v;s)    B      (v)    0  '       ^    ^' 


/ 


A"^'(st)dst   /   n(v;s)    u(v;3t)    ^-^^  ^  I  ^^^  (^)  1    dv      . 


Likoxrisc 


r 


A+e(s)(t)    =/    a"*'^'(st  )dst    /  u(v;s)    u(v;s')    0^'^^^^  ^^'^  ^'    dv 

so  that  ^^;G  have  expressed  A"(s)(t)   in  terms  of  A'"(s) 

and  therefore  could  find  various  expectation  values  as 

functions  of  the  time  in  the  Ij-reprosontation  since  ijo 

+ 
now  know  how  x\~(s)(t)   operates  on  states  given  in  the 

il-rcpresentation. 

However,  we  prefer  to  work  in  the  SchrBdingcr 
picture  bocause  we  arc  led  to  some  interesting  transformn.- 
tions  which  arc  closely  analogous  to  those  used  in  first 
quantization.   Those  transf orraaticns  may  be  interpreted 
as  the  canonical  transfoiTaation  which  transforms  the 
Hcimiltonian  H  into  ir°  ,  i.e.  the  Harailtonian  of  the 
electron-positron  field  with  interaction  into  the  Harail- 
tonian of  the  electron-positron  field  without  interaction. 
Tov;ard  this  end  -i-jc   shall  now  discuss  the  function  u(v;s) 
defined  by  (66). 


k2. 


The  Spectral  Ropr^sentation  ox  _PL 

Let  us  consider  nov;  the  sinp;le  electron  problem 
V7ith  the  Hamiltonianii .   Let  the  state   -^   have  a 
representor 

in  the  spectral  representation  of/~i_  and  a  rcprcsenter 

^   <-^->  g(s) 

in  the  spectral  representation  of  J  L^°'.   The  solution 
of  the  SchrBdinger  equation  is,  of  course, 

(67)  4-(t)    =   e-^"^-^  -3^ 

where     "^     =      -^  ( o ) . 

If  Xifo  write 

4r(t)     <--->    f(v)(t) 

vjo  have   the   solution  given  by 

(68)  f(v)(t)    =   e-^^'*'(^)f(v) 

To   find  hov/   the   roprosonter     g(s)(t)      changes  with   time 

where    '$'(*)    < >  s(s)(t)      vre  vjrite   the   transformation 

/x representation 

betvjeen   the    representors    in   thej^       and  i  ^^     '  A  as    an 

integral   tr?Jisformation  with  the   kernel     u(v;s) 


i!-3. 


(69)      f(v)  =  J  u(v;s)  g(s)  dv 

vjxtli  u(v;s)   satisfying  the  orthogonality  condition 


(70)       I  /  u(v;s)  u(v;3')dv  -  6(s,s') 
u(v';s)  u(s;s)ds  =  5(v,v' ) 


The   conditions    (70)    guarantee   that 

(71)  J\fiv)\^  -  J\g{s)fds 

i.e.,  lengths  and.  inner  products  arc  preserved.   Prom 
(68),  (69)  and  (70), 

(72)  g(s)  -  J   u(v;s)  f(v)dv 

(73)  g(s)(t)  =  J   u(v;s)  f(v)(t)dv 

=  Au(v;s)  o-""'^^')f(v)dv 

or  from  (69) 

(71;)      g(s)(t)  =  yg(st)ds'  y  u(v,-s)u(v;st)e"^'^'^(''^dv. 

Equation  {7l\.)    represents  the  solution  of  the  SchrBdinger 
equation  in  the  _(  i:  '  representation  in  terms  of 
g(s)(o)  5  g(s). 

We  shall  now  show  how  the  function  \;(v;s)  may 
be  dctennined. 


hk. 


Wo  denote  the  op'^rator  jfl  in  the   v  representation 
by  j1   and  in  the  s  representation  by  /If,    It  is  clo.ir 
thr.t 

(75)  -A^  =  aO(°)^  +0^-^!)^   '. 
Hov;  frora  the  definition  of  _i07  i-je   have 

(76)  iTf(v)  =  f^  (v)  f(v) 
and  from  the  definition  of  _ri°^^ 

(77)  /l^°^^5(s)  -  w(s)  g(s)    . 
Prom  (69),  (75),  (76)  and  (77)   wc  have 

ri'fiv)    =    ju(v;s)  n^g(s) 
or 

(78)  oo(v)f(v)  =  f  u(v,-3)[oo  (s)g(s)  +  e.iT^^^^g(3)]ds 

=  /  |(w(s)  +  e  j1^^^^)u(v;s)|  g(s)ds 
A  u    '    being  Hermiti.an.   But  also 

il''f(v)  -  /jnZu(v;s)g(s)ds 
or 

(79)  CO(v)f(v)  -=  a)(v)  /  u(v;s)g(s)ds   . 


hS, 


Since  the  state  represented  by  g(s)   and   f(v)   is 
arbitrary,  wo  have  frora  (7o)  and  (79) 


(80)  co(v)u(v;s)  =  co(s)u(v;s)  +  cS)}     ^^u(v;s) 

where  .fl:  '^u(v;s)   moans  that  i^  '^      operates  vjith 
respect  to  the  variable   s   in  u(v;e). 

It  will  bo  convenient  to  consider  Tu    ^        an 
integral  operator  ^^fith  the  kernel  jO-  ^(s;s'}.   Thus 

(81)  _n.(^)^g(s)  =  rA'")i^)^(s;s»)g(st)dsi 

The  kernel  J^i:  '    ^    (sjs')   is  nothing  other  than  the 
matrix  element  of  iL  in  the  energy  representation,  i.e. 


^  J 

Hence  (80)  becomes  an  integral  equation  for  u(v;s) 

(82)  to(v)u(v;s)  =  co(s)u(v;3)  +  c  /  J'^i^)^(  s  '  ;s  )u(  v;s' )ds  '   . 

Equation  (82)  together  with  the  orthogonality  condition 
(70)  determine   u(v;s),   though  not  uniquely.   The  -approach 
\<!Q   have  taken  is,  of  course,  quite  conventional  e::copt, 
perh.aps,  for  notation. 

Priedrichs  {$  ]      has  given  sufficient  conditions 
under  which  (82)  has  a  solution.   Wc  sh.\ll  derive  som.o 


!+6, 


results  in  a  fonm.l  fashion. 

We  shall  solve  (82)  by  a  perturbation  procedure. 
Let  us  virite 

(83)   u(v;s)  =  u^°^v;s)  +  c  u^-^^v;s)  +  e^u^^^(v;s)  +  ...   . 

Substituting  in  (82)  and  (70)  xvg  have  for  the  zero 

(81^)     u^(v)u^°^v;s)  =  a>(s)u^°^(v;s) 

and 

(85)      |u^°^v;s)u^°hv;s«)dv  =  5(s,s' )   . 

The  solution  of  (8i(.)  a.nd  (85),  aside  from  an 
unimportant  phase  factor,  is 

(66)       u^°^v;s)  =  5(v;s) 
The  first  order  approximation  is 

(87)  Co(v)u^^^(v;s)  =  c>o(s)u^^)(v;s)  +  /l^^^^(v;s)   . 
The  orthogonality  condition  gives 

(88)  u^^^(v;3)  +  lX^^s;v)  =  0   . 

Solving  for  u^  '(v^s)   v;ith  v  ^  s   v:e  have 

(89)  u(l)(v;3)  =     D^^SXIl) 

^     '  \    y   I         ucT'^Y  -  u>(  s) 

which  satisfies  condition  (86), 


a7. 


Wc  must  now  consider  how  to  define  v}    '(v;s) 
for  V   in  the  vicinity  of   s.   This  is  best  clone  by  usin{ 
syrabolic  functions  in  the  sense  of  L.  Schwartz  [6  ], 
Accordingly,  we  consider  u^  '{v;s)      to  be 

(90)     u^-^^v;s)  =  lim   ^  -^^' "—(Zl^l 


^  :>0  -liJrVr-  COTST-+  i<^. 


or 


(91)   u(^)(v;s)  =  i  Ttil^l^vjs)  5(c.)(v)-uUs))  +  ^-^--IiJ-i||  . 

The  function   5(  u)  (  v)  -  a)(  s  ))   is  defined  in  the  second  sot 
of  c-uantiz?.tion  vari^.blcs  s  of  paf^c  [  3  ],  where  cO    is  one 

of  the  variables,  in  which  case   o  (u)(  v)  -  a>(  s  ))    is  the 

P  rt-^^^(vs) 

ordinary  Dirac  5-function,    The  operator  — ^=-A-r ^ — ~r-^ 

^  oj{v)    -  CO  (3) 

means  that  the  principal  part  of  the  integral  involving 
this  kernel  is  to  bo  used,  with  the  second  set  of  quanti- 
zation variables  as  the  variables  of  integration, 

( 1"* 

An  alternati\^e  solution  for  u^  '(v;s)   is 

(1)/    ^    T        jOj^'^(v;s) 


U 


or 
(92) 


n(i)^ 


u(1)(v;s)  =  -i^il(l)^(v,v)5(.o(v)-o0(a))  +  Ul^J}^^^ 


1 


14-8. 


The   functions    i   lix6  (coiv)-  co{o)]      +   p 

T-rc    osscntiilly   the    functions    comraonly   cnllcd   5        and      5 

(see  M52^11c,r    [       ]). 

( 2) 

The    oqiiation  for  u^     '{v;s)      is    siiiiilar   to    that 

for  u^    ' ,      The   solution  again  involved   -iiiS  /'uj(v)-  co(  s ) j 

depondinp;  on  whether   one    takes    the   liiait   of  ? — t r„-\  ,  • 

^  to  ( v)-  uj(s)+i  a;- 

1 

or  of  — r— T 7 — t — = as  60  ->  0. 

CO(v)-  Co(  S  )-l  CO  o 

The  orthogonality  condition  leads  to 
(93)   u^^^(v;s)  +  u^^hs;v)  =  -  /  u^-^^v;s)  u^-^^s;s')  ds '   . 

The  solution  of  (82)  is  not  unique,   Pricdrichs  [5  ] 
discussed  other  possible  solutions. 

■  Hovjever,  the  tv:o  possible  solutions  which  >-jc  have 
obtained  arc  intorostin'-  because  they  are  orthogonal  and 
lead  to  the  scattering  operator.   Without  proof  wc  assert 
that  for  a  large  class  of  operators  J  ii  '   we  have  (see 

[5  ]) 

Ok)  flim   c^^'^^^)g(s)(t)  -  f(s) 

I  t->-co 

lim   o^^^^''^g(s)(t)  =  K  f(s) 

t->+00 


V. 

if  the  solution  corresponding  to  (91)  is  used,   K  being  tho 
scattering  operator.   If  the  solution  corresponding  to  (92) 


i^9. 


is  used  one  has 

(95)     (^lim   o^'^'^^^)g(s)(t)  =  K^f(s) 
lim   c-^^(^)g(s)(t)  =  f(s) 

t->+CD 

whcro   K   Is  the  scattcrinn;  opurator  for  oirac  reversal. 
It  should  bo  noted  that 


(96)      K+K  =  I 


Thus  one  should  pick  the  solution  u(v;s)   which  satisfies 
the  boundary''  condition  one  dosiPL^s, 

Frori  (9l|-)  it  is  soon  that  for  t  ->  -co  g(s)(t) 
behaves  like 

(97)      g(s)(t)  =  f(s)  c""'^ 

and  hence  is  a  solution  of  the  SchrBdingor  equation  with 
Hamiltonian  J  l'.      Likewise  for  t  ->  +oc^  g(s)(t)  is  a 
solution  of  the  Schrodinger  equation  with  the  Hamiltonian 
J.   L         .    In  a  sense  one  can  say  the  perturbation  has  been 
"switched  off"  as   t  ->  ioo  ,   Equations  (95)  have  a  similar 
interpretation.   However,  the  "sxiitching"  on  and  off  is  not 
adiabatic  because  the  states  for   t  ->  -oo  differ,  wh^i-'oas 
in  an  adiabatic  process  thoy  vJould  bo  identical  if  the  sot 
of  operators  S  consisted  of  J')J°^  only  (i.e.,  was  non- 
dogonorate ) , 
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Thu  Canonical  Transforiaation  In  the  Electron- 
Positron  Field. 

Me  no^^/  wish  to  introduce  the  transformation 
which  relates  the  representors  in  the  M  representation 
to  those  in  the  N  representation.   If  vjc  have  the  M-  and 
N-rcpresentations  for  an  arbitrar^r  state  vector  -J'   , 
we  write 


■^'-   "-M->  K^(^-^)n} 


and 


-Cfr   < >  !  \i;  (s)   >     , 

—         ] ^n^  'n  j 

We   introduce   the   transforraation   in  the   form 

(98)      ?    (v)      =  T"    /t        ,(v)    ,:(s)    ,    \|/    ,(s)    ,(ds)    ,       , 

x^^hore   (ds)  ,   means  an  integration  over  the  variables 
,  .  ,   n'  ,  "^ 

^■\  )^pf "  •  *  f^-  \    •        P°^  convonioncc  vjo  use  the  notation 

T    ,(v)  :(s)  ,   to  bo  a  function  of  the  variables 
n,n'  \  /n   'n'  ... 

v^,Vp,..c,v  and  of  the  variables  s.,  ,Sp, , , ,  ,s.  j.  It 
is  seen  that  this  function  is  separately  ant isyi-rimc trie 
in  v^,V2,...,v^  and   s^,S2, . . . ,s^, 

In  order  that  the  length  of  "^■'  be  preserved 
we  have 

Y~         \K    (v)  1^  (dv)    =  7~  /  !^J/  ,(s)  ,l^(ds)  ,   . 
n  J  n'  j 
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This  cqu-ation  loads  to  the  orthogonality  conditions  for  the 
functions   T(v)  :(s).^,  ,      namely 


|y-  Y   :(v)  :(st)  ,  T   „(v)  :(s")  „(dv) 
^-—  j  nin' ^  'n^       'n'   n;n"^  'n  ^   'n"^  ' 


n 


I     =  5 


„    Asy     5(stjs") 


(99)' 


5~  (  f   ,'(v)  :(s)  ,  T  „   ,(v")  ii:(s)  ,(ds)  , 
n'  !    '  * 

Asy    5(v;v")^ 


=  5 


n:n' 


V 


1  *  * '  n" 


whore 


(100)    5(st -s)^  =  5(sj_is^)  .  5(s^;S2) 


.  6(st-s  ) 
^  n*  n' 


aiid 


6(s«  ;s)   =  1 


to 


Wo  use  the  notation    Asy     f  ( v-,  . ,  «v  ;s^  . ,  ,s  ,  ) 

^l---^n 
s^...s^, 

moan  that  f(v-,,ooV  ^s,,,,s  ,)   is  to  be  antlsjrtnmotriz^d 

with  respect  to  the  two  sets  of  variables   v-,..,v  and 

s,,,,s  ,   separately. 

It  should  bo  noted  that  the  set  of  functions 

T    ,(v)  :(s)  ,   is  analogous  to  the  function  u(v;s) 
njn' ^  'n  ^  'n'  ^  \  >  > 
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usod  in  the  ono-ijloctron  problem  which  tr?.nsform  functions 
in  the   s   to  the   v   roprGscntation.   The  whule  point  of 
xjhat  follows  is  to  press  the  analogy  with  the  one-electron 
problem  to  obtain  the  solution  of  the  Schrt3dingGr  equation 
for  the  state  function  and  other  inforraation  derived 
therefrom.   Though  we  shall  not  often  mention  the  ano.logy 
in  detail,  it  is  this  analogy  vjhich  motivates  much  of  what 
folloxxTS, 

It  vjill  also  bo  noted  that  the  use  of  the  number 
representation  simplifies  our  problem  considerably.   If 
instead  v:o   had  used  an  occLipation  number  representation, 
the  notation  nouded  to  keep  the  analogjr  clear  would  be 
so  cumbersome  as  to  hamper  one  seriously  in  the  task  of 
finding  the  transformation  functions. 

Before  finding  the  functions,  vjo  shall  indicate 
how  they  arc  used  to  solve  the  SchrBdingcr  equation  in 
the  N-ropresentation,   As  mentioned  previously,  the  solution 
in  terms  of  the  M-rcpresontation  is 

(60)       K    (v)  (t)  =  e    ^^^-^  -    I,    (v) 

'      ^n^  'n^  ■'  ■'n^  'n 

where   ^^(v)^^  is   ^n(v)^^(0).    Therefore,  using  (93) 
and  ( 99 ) ,  wo  have 


s^. 


(101)  .^^,(-.)^^,(t)    =i;y"v^"")n<'(^^")n" 


y       T        ."(v)     :(s)    ,T        „(v)     :(s")    ,, 
/  n  ) 

.    c        ^^  ^  (dv)^, 


Wo   sh.a.11   now   sot  up   the    equation  for  dctornilning 

the    fimctions      T        ,(v)     :(s)    , 

njn' ^  'n  ^  'n' 

Lot  us  ccns5.dcr  :-.n  arbitrary  state  vector  "^ 
with  the  M-  and  !•; -representations  given  by 

'^'  <-r.->  (k    (v)  ) 

-J-  <   -> 


K-   (^n^^)n^ 


Then  for  any  operator  7  -  x-;c  define  operators  J\  '      and 


JV^    <-pr>   /^--^  ?n(^-)n] 

^^<p-  <-">  Lv^''^  \['  (s)  1 

-^^—  N        (  ^n^    ^nj 


That    Is    to    say,  .A^^'''^^    (v)         Is    the   n-particle    cornponent 
of  y\'^'      in   the   M-rcpresentation   and  _  A_'' ■*  ^\1;'    (3)         is 
the   n-particle    component    of  _y'v,  "^^    in   the   N-represeritatlon. 
How 

{102)J\['^\    (v)      =  T~  I  T         ,(v)     :(s)     ,./\.^''^'\j;    ,(s)     ,(ds)     , 
\         ju  \_      ^^\    ,  u;n'  ^    'n    V  ^n'  ^n'  ^    '^n'  ^       'n' 


J 
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If  WG  have  two  state  vectors  -^  ^  '      and   "^   and  write 

(1) 


the  inner  product  (^    »J\fi)     ^^  terms  of  the  N- 
represcntation  wo  should  have 

But  since  (by  definition)   the  operator  adjoint  to  _/V, 
vjhich  we  denote  by  _/A_  ,  satisfies 


wo  have 
( 103 ) 


n 


^^^^s)  A^^^^jf  (s)  (ds) 


_  V-  j 


n  J 

Hence  wo  can  ;:ritc  (102)  as 


_/  \.    Tj^   ^  ■'n 


\1;  (s)  (ds) 
^n^  '^n^  '-a 


n'  J  ^        '  -^ 


whore  yV  *     operates  on  the  variables   s,,.,s  ,   • 
But  we  also  have 


(105)  7V^*^^  (v)   =r"/A."'"T    ,(v)  :(s)  A'   ,(s)  ,(ds)  , 

nt  J        ' 

vjhcrc  the  operator  _/V  '        operates  on  the  variables 
v^,..v    of  the  functions   ^n  °n' ^'^'^n  *  ^  ^  ^n'   * 
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Now  since  the  strLto  -^  and  h^-ncc  the  sot  of 
functions  \1/  ( s )    is  arbitrary  we  have  from  (I0I4-)  and  (105) 


(106)  A^'Xjn.  <"'«  =  (  =  '..  =  -'^^''"'Tn;„.(^')n=(  =  )n.   • 

If  \-^c    to:)k^\to  be  the  en..rgy  operator  cf  the  fiold 
H,  equation  (I06)  for  T,.   ,(v)  :(s)  ,   i>rould  be  analogous 
to  the  equations  for  u(v;3).    It  is  simpler,  however, 
t-j  take  -A.  to  be  one  of  the  creation  or  annihilation 
operators   B*"(v),  3  (v),  A"(s),  A  (s),   all  choices  leading 
to  the  s-^jne  result,  as  is  required  by  a  consistent  theory. 
We  take  _/'V  to  be  the  operator  B^Cv)   and  _/V  to  be   B  (v) 
since  the  creation  operator  is  the  adjoint  of  the 
annihilation  operator. 

The  left-hand  member  of  (I06)  is  then 

l/n""!  Vi.,,,(v)^(vT):(s)^, 

The   right-hand  member   cf    (I06)    is   obtainijd  in   the   following 

way.        V/e   can  express    the   operator  B    (v'  )      in  terms    of 

+ 
A~(s)      from   (6L1.)    as 
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(107)        B+(vt)   = 


=  B'*"^'(v»)5  +  B"^'  (vt  )6 

^',+1  6t^_l 


=  /u(vt  ,-st  )A'^^' (s»  )ds'    5  +    /  u(v';sJ  )A"^'(x«  )ds'5 


+  / 


=      [u      (v»;s' )    +  u^„(vi;st )]   A    (s' )dst 


+ / [u      (v' ;s« )    +  u  ^(v';s' )]    A"(s' )dst 
J        "-'  "'• 


where 


(108)         fu_^^(vt;s<) 


u_^_(v';s«  ) 


u  ( V  ♦  ;  s  '  )  5  5 

6 ' , +1   e '  ,  +1 

u(v' ;s» )6  5 

L  ',+1   e%-l 

etc. 


Then  vje  have 


(109)      B^^^-    T^,nt(-)n--(^)n. 

=  lAIT' "I   [u_^^(v';s)    +  u__(v',-s)]        Asy  ^njnt -l^^'^n*  ^  ^  ^n'-] 

^l'^2' *  * ' '^n' 

•    5(s^,;s)ds  • 


+ 


/n»+l 


[u^„(v';s)    +  u_^(v';s)]T^.^,^^(v)^:(s)^,(s)ds 
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In  (106)  replacing  n  by  n-1   and  replacing  v' 
by  V  ,   we  are  led  to  our  fundamental  equation  for 
^mnt^^^n^^^^n.   ^^ich  is 

(110)    ^T^jn'(^)n=^^)nt 

=   Asy  -/n'T  ■.       ,    -,  (v)      i:(s)  ,  ,  [u   (v  :s  ,)  +u   (v  :s  ,)] 
•^      n-l;n'-l^  'n-1  •  'n'-l'-  ++ '  n'  n' '     — ^  n'  n''-' 

^l'**^n' 
+  J^^j   [u^Jv^;st)  +  u^+(v^^;s')]T^^_^.^^,^^(v)^^^:(s)^.^,(s.)ds. 

Equation  (110)  together  with  the  orthogonality  conditions 
(99)  are  our  basic  equations  for  finding  the  functions 

Tnint(^)n  =  '^^)n.- 

Equation  (110)  is  a  difference  equation  Xvith  res- 
pect to  the  subscripts   n  and  an  integral  equation  with 
respect  to  the  variables   s.   We  are  thus  led  to  an 
interesting  integro-diff erence  equation.   To  ,'-.et  some 
Insight  into  the  nature  of  the  solution  we  shall  consider 
a  pure  electron  field,  where  we  obtain  a  difference  equation 
which  can  be  solved  explicitly. 

In  the  case  of  the  electron  field  where  the  M 
and  l\      creation  and  annihilation  operators  are  related 
hj    (6l4.a),   the  equation  which  replaces  (110)  is 

(110a)  sfn  T        ,  (v)  :(s)  ,   = 
^     '       n;n'  ^  'n^  'n' 

=  \/n'    Asy   T   -,   ,  -,(v)   t:(s)  ,  -,u(v;s, 
"^     n-l;n'-l^  'n-1  ^  'n'-l  ^  n*  n» 

^l**'^n' 
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The  orthogonality  conditions  (99)  are  valid  also  for  the 

electron  field. 

To  solve  (llOa)  it  is  convenient  to  think  in  terms 

of  the  n-n'   plane, 

n  =  n' 


/ 


Region  II      / 

J  / 

! 

! 
^  : 

!  / 


\  'A. 


/      Region  I 


/ 


n« 

Figure  1 

It  is  seen  that  if  the  functions  T  .  ,(v)  :(s)  , 

n;n'  ^  -^n  ^  'n' 

are  proscribed  on  the   n  and  n'   axes,  the  functions 

can  be  foiind  anyv;here  in  the   n-n'   plane.   It  is  further 

soon  that  the  value  of  T    ,(v)  :(s)  ,   at  any  point 

n;n'  ^  'n  ^  'n'       ''    ^ 

{x\',n^  )   depends  only  on  the  value  of  the  function  at  the 
point  on  the  axis  at  which  a  \\S     line  from  (n;n'  )  inter- 
sects the  axis  (see  diagrojn) ,   In  Region  II  of  the  n-n' 
plane,  i,e.  the  region  for  which  n  >  n' ,   equation  (110a) 
can  be  solved  immediately,  because  the  values  of  the 

functions   T    ,(v)  :(3)  ,   on  the  n-axis  can  bo  fomid 
n;n' ^  ^n  ^  'n» 
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from  (llCa),  except  for  tho  value   n  =  0.    From  (llOa)  It 
is  clear  that 

T    (v)  :(3)   =0 
n ;  o  ^  '  n    ^     '  o 

s  o  that 

(111)  T    ,(v)  :(s)^  ,  =  0     for     n  >  n' 
^    ''       n;n'  ^  ''n  ^   xi' 

t 

In  order  to  find  tho  functions  for   n  =  n  wc  must  knovj 

these  functions  on  the  n'-axis.    For  this  v.'o  use  the 
orthogonality  conditions  (99)« 

Setting  n'  =  n"  =  0   in  the  first  of  the  equations 
(99)  and  using  (111)  we  have 

(112)  It    (v)  :(3)  1^  =  1 
\    /      'ojooo 

or  ^^Jithin  an  arbitrary  but  unimportant  phase  factor 

(113)  ^o.o^'^K'-^'K  =  ^        • 

Setting  n  =  n"  =  0  in  the  second  of  equations 
(99)  and  using  (112)  re  have 

7~   T    r(v)  :(s)  ,  T    ,(v)  :(3)  ,  (ds)  ,  =0 
'—^ J  o;n'^  'o  ^  'n'   ojn'^  'o  ^  'n'  ^   'n' 


r"    It    ,(v;  :(s)  , l^(ds)  , 


n 
from  which  it  follows  that 
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(111+)     T^.^,(v)^:(s).^,  =  0     for     nt  >  0   . 

Hence  it  follox-js  that  In  Region  I  in  the  n-n'   plane 
(i.e.  for  n  <  n' ) 

(115)     T  .  , (v)  :(g)  ,  =  0  n  <  n' 

^  -^ '  n;n'  ^  'n  ^  'n' 

Therefore  it  is  only  for  n'  =  n  that  traiisfor- 
mation  functions  are  not  Identically  zero.   From  (llOa) 
and  ( 113  )   we  have 

(lib)   T^-n^^^n'^^^n  ^   ^'^^  u(  v^js.^)  ia(  v^js^)  . .  .u(  v^^;s^) 

n 
Asy    TT  u(v^;s^) 
s,  , ,  ,s   i=l 
v^...v^ 

where  the  second  equation  follows  from  the  first  by  virtue 
of  the  proportios  of  the  asymmetrizing  operator. 

Thus  the  only  transformation  functions  x^'hich  do 
not  vanish  are  these  which  take  an  n-particlc  state  in  the 
N-reprosentation  to  an  n-particlc  state  in  the  K-reprcsenta- 
tion.   This  result  could  have  been  anticipated  because  for 
the  electron  field 

(117)  M  =  N 

as  follovrs  from  (6[|a),   It  should  also  be  noted  that  the 
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non-vanishing  tr^aisf ormo.tlon  function  consists  of  appro- 
priately synimotrized.  products  of  the  single  particle 
transformation  functions.   Again  this  fact  could  have  boon 
anticipated. 

The  greater  cornplexlty  in  the  treatment  of  the 
electron-positron  field  arises  from  the  fact  that 

(118)  M  f   N 

in  this  case.   This  relation  also  accounts  for  the  creation 
of  electrons  and  positrons  in  the  presence  of  an  electro- 
magnetic field,  whereas  in  an  electron  field  the  nximber 
operator  is  a  constant  o.f  the  motion,  so  that  the  electro- 
magnetic field  does  not  create  particles. 
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Solution  of  the  Intogro-Dlfforenco  Equation, 

We  shall  now  solve  equation  (110)  to  the  second 
order  in  the  electron  charge  by  a  perturbation  procedure. 
In  equation  (110)  vjo  sot  up  the  expansion 

(119)  T   ,(v)  :(s)  , 
^    '  n ;  n '  ^  '  n  ^  '  n ' 

(120)  u(v;s)  =  u^°^(v;s)  +  c  u^-^^(v;s)  +  e^  u^^^(v;s)  +  ... 

Expansion  (120)  is  identical  ^^Jith  (83)  so  that  the  functions 
u^''',  u^  '   etc,   arc  those  calculo.ted  by  the  perturbation 
procedure  discussed  earlier.   We  shall  consider  as 
adraissable  functions   u(v;s)   only  those  functions  dis- 
cussed earlier  which  are  kernels  of  unitary  trmsformations 

and  lead  to  scattering  operators  for  the  single  electron 

+ 
problem,  since  these  functions  guarantee  that   B"(v) 

arc  annihilation  and  creation  operators. 

With  this  restriction  that  only  two  functions 
u(v;s)   are  to  be  used,  we  obtain  from  (110)  as  the  zero- 
order  equation  using  either. 
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(121)  4^T^^\{v)     :(s) 

\    J  X    n;n'  ^  ^n  ^  ■'n 

=   Asy   /vT^'  t'"'^]       ,    -,(v)   -,  :(s)  ,  ,5(v  :s  ,) 
<^        "     n-l^n'-l   'n-1  ^  'n'-l  ^  n'  n' ^ 

The  orthogonality  conditions  (99)  give  the  results 

(122)  y  fT^^Kiv)     :(si)  ,  T^°^,(v)  :(s")  „(dv) 

\      --J  £__  \   -'n;n' ^  'n  ^   -^n'   n,°n"^  ^n  ^   'n"^   'n 


5 


,   ,,    Asy     5(s':s")  , 


^l"-"^nt 

oU         oil 

^  1'""  n 


and 


^(0)  i.r\    .(.^        rp(O) 


(123)     i:jTi^A,(v)n  =  (^)n«  ^n^n' ^-"  )n-' (  ^  )n.  (^^)nr 

=  5       Asy    5(v;v")^    . 
V--^n 
^l*"^n 
In  a  manner  similar  to  the  manner  of  solving  for 

T  ..^t(v)  :(s)  ,   in  the  case  of  the  electron  field  i-jg 
n^n'   'n    'n' 

have  for  t^*^^ 

(12I|.)      T^°\(v)  :(s)  ,  =  5    ,    Asy    5(v:s) 
^  ^'  n,n' ^  -^n^  ^n'     n;n'     "^  ^    '    'n 

v^.....v^ 

s^...s^ 

Thus  the  zero-order  term  .;ives  an  identity  transformation, 
as  is  to  be  expected. 

The  first  order  terms  from  (110)  arc 
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ynT^^Ki^)     :(s)  ,  =  Asy   /n«T^"^i   ,  -,(v)   -,  :  ( s )  ,  -,5(v  ;s  ,) 

.  [u^^^(v  ;s  ,  )  +  ri^^)(v  ;s  ,  )] 

.  T^^]  .  ,  ,(v)  -,   :(s)  ,(s'  )ds' 
n-l;n'+l^  ■'n-1  ^  'n' ^   -^ 

01-',  substituting  (IS).;.)  for  T^*^^, 

(125)  /^  T^^\(v)  :(s)  , 
^  -^ '  n;n'^  ^n^  -^n' 

Asy  v/rTi  T^^i   ,  .(v)   -,  :  ( s )  ,  -,5(v  :s  ,) 
•^       n-l;n'-l^  'n-1^     ''n'-l  ^  n'  n' ' 

+  ^  Asy  y^  5n,-n.^(^''^)n.-lt4i^(^n.'^n.)  +  ^^--^  ^^n. '^n.  ^  ^ 


■l*"^n» 


,(1) 


4-   Asy    y^TS  5^   ,+2^(v;s)^,[u:;^^v^,^2'^nt+l 


S3_...s^^, 


+  U  ^   ''  (  V  ,  ,  o  ;  V  ,  ,  T  )  ]    ■ 

-+  ^  n'+2*  n'  +1'  -^ 


The  orthogonality  relations  also  give  a  relation  for 
T^   ,  namely. 


(  1)    ^T^^    .  f-  o  ^       J.   Tl(^) 


(126)     T^-^\(v)  :(s)  ,  +  T^r^  (s)  ,:(v) 
^    '       n;n' ^  '^n  ^  ^n'     n' ;n^  ^n'  ^  ' 


n 


~      0. 


To  solve  (125)  it  is  again  useful  to  think  in 

terms   of  the     n-n'      pl^aic    (see   Figure   1),   As   in  the   case 

(1) 


o 


f  the  electron  field,  the  value  of   T^  ' ,   depends  on  the 
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values  of  this  function  on  the   n  and  n'   axes.   First 

let  us  consider  the  solution  of  (125)  in  Region  II,  vjherc 

n  >  n' .    Wo  can  obtain  the  values  of  T    ,   on  the  n-axis 

n^n' 

from  (125)  by  setting   n'  =  0.   It  is  seen  that 

(127)    T^-'-^(v)  :(s)   =0         n>0,n7^2, 
^   '  ''    n;o^  'n  ^  'o  )  I  ) 


=   ^  s/2        ksj     u+i^(v3_;v2) 


v^,V2 

using  the  fact  that   u^'"'^(v;s)  =  -  u^  '(s;v),   Plence  for 

n  >  n'   the  only  functions   T    ,(v)  :(s)  ,   v/hich  do  not 
J  n;n' ^  ^n  ^  'n' 

vanish  arc  those  for  which  n  =  n'+2. 

The  solution  of  (125)  in  Region  II  can  be 
obtained  by  induction.   The  result  is 


(128)    T^i),^(v)^^^2  =  (  =  )n 

=  -  v^r)(n+2)   Asy    S(  v;s  )^  u_J_^^  v^^^^;v.^_^2)   • 

^l---^n+2 


S  -,  « •  •  s 


'l*""n 
Though  the  solution  (128)  is  verified  in  a  relatively 

simple  way,  it  is  perhaps  instructive  to  carry  out  the 

verification,  since  it  gives  an  exrinplc  of  how  the  asjin- 

mctrizing  operator  is  used. 

To  verify  (128)  by  induction  wo  note  that  for 

n  =    0      VTC   have    a   correct    solution.      Let   us  now  as3i.uiic    that 
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T^"^]    -,(v)   -,:(s)   ,  is  of  the  fomi  (128)  and  wc  shall 
n+l,'n-l^  'n+l  ^  'n-1  ^    ' 

verify  that  '^^^+2'n^^'^n+2'^^'^n     ^^    ^^^°   given  by  equation 
(128),   Then  by  substituting  T^+i-n-i^-^^n+l '^  ^  ^n-1   ^^ 
given  by  (128)  into  (125)  wo  havo 

T^-"-]      (v)      o:(s) 
n+2;n^    '^n+2^    -^n 

=  -nTEl         Asy  5(v;s)^^_^u|^)(v^;v^^^)5(v^^2'-^n) 

^l-'-^n+l 


^l'**^n 


"J^       ^^y  ^(^'^)nt4i^(^n+l*^n+2) 


^l'---'^i+l 
s^...s^ 


/ 1) 
u^      (v    ,o;v    ,,)] 
+"   ^    n+2 '    n+1  ^  ■' 


or 


,(1) 


(129)      T^to      (v)    ,o:(s) 


=  -    \/i^l)in+2)  ( 


n 


(1) 


-^y  S(^'*^)n-l%-^V^n+l^^(%+2'-^n) 

•••••^nn 

l**'^n 


'''l"'*^n+l 


+       ABy  ^  S(v;s)Ju|i)(v^^3_;v^^2)    "  4- '  ^  %-f-2  ^  ^n+1 )  ^  ] 


'1' 


n 


Now 
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Asy     5(v;s)^  4^ ^  ^ ^.+1  ^  V+2 ) 


Asy     ^  S(^^^)n4-^(^n+l*^n+2) 


(1) 


'l"*^n 


Asy    ^  5(v;s).^^  4-  (^n+2*%+l) 


+   A-sy    ^  6(v;3)^^^^5(v^^2'^n)  4-^^^n>^n+l) 


Asy    ^  5(v;s),^_^2S(^n4-2'-^.-l)S(^n-l'"n)4i^^V'^n+l^ 


+ 


+  (-1)^"^  Asy    ^  5(v.^_^2^2i)S(v-l;s2)  ...  SC^n-l^^n^ 

u;  -^  (v  ;v  ,T  )     • 
+-  ^  n'  n+1' 

But  tho  fourth  and  all  higher  terms  of  the  sum  are  equal 
to  the  third  tcnn  by  virtue  of  tho  antisyratnetrization  in 
the  variables  s-.«.,s  •     Hence 
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(130)       Asy    5(v;s)^^u|l)(v^^^^;v^^2) 


=  _1^   A'sy    5(v5s)^  ^IJ  ^ ^n+l'^n+2 ) 


-nfe   ^'^^^     ^(^'^)n4-^^n+2J^n+l) 


(1) 


4--^   Asy    Mv;s)^^^^5(v^^^2'^n)  ^i-^V^i+l) 


But  the  right-hand  side  of  (130)  is  siraply  the  expression 
in  the  curly  brackets  in  (129).   Hence  wc  have  verified 
that  T^'^l      (v)   o:(s)    has  the  solution  (12o). 

Having  found   ^4'^^' ^^^n*  ^  ^^n'   ^^  Region  II  of  the 
n-n'   plane  where  n  >  n' ,   we  can  easily  find  this  func- 
tion in  Region  I  of  the  plane,  i.e.  for  n  <  n»   by  using 
the  orthogonality  relation  (126).   The  result  is 

T^j^,(v)^:(s)^,  -  0       (n  <  nt    ,   n/nt-2) 

(131) 

TiiLn(^)n-2^(^)n  -  +  ^^^^^^^^     ^'^^    6(v;s  )^^^2^i^)  (s^^^js^) 

^r***^n-2 
s-|_...s^ 
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To   find     T^-'"^(v)     :(3)        we   find     Ti^liv) ^:{s) ^     from    (126) 


,(1) 


"n,-n'  'n  '  'n  o;o'  'o  ;  'o 


and  T   '(v)  :(s)    for  n  >  0   from  (125).   Thus  v:e  see 

that 


n;n'  'n  '  'n 


(132)  r4^)(v)^:(s)^  =  0 

x-jhere   R  stands  for  the  real  part  of  the  function.   Thus 
T  ,   Is  purely  imaginary.   The  phase  of  the  repreaenters 
can  alv/ays  be  so  chosen  that  the  imaginary  part  contributes 
nothing.   Thus 

(133)  T^^)(v)^:(s)^  =0    . 

From  (125)  it  can  be  proved  by  induction  that 

(13li.)     T^-^^v)  :(s) 
\    -J  .  J  n;n^  '^n  ^  'u 

=   n   jVsy   5(v:3)   .[u^  Mv  :s  )  +  u^  ^  ( v  :s  )  ]   . 
•^    ^  '  'n-l"-  ++  ^  n'  n'     —  ^  n'  n'-' 

V--^n 

s^...s^ 

Note  (13L|.)  includes  (133). 

We  can  suinmarlze  the  results  for  T,  -ii  ('^0.-,  ^  ( s )  , 
in  the  following  way, 

(1^^)    ^i^nt(^)n^(^^)nt  =  V2;n'4U2;n.  ^  ^)nt+2  =  ^^  ^nt 

+  5    ,  T^]^    ,(v)  ,  :(3)  , 
n^n'   n'  ,-n'  ^  'n^    ^    'n' 

+  5  ,o.  ,  T^}^o.  .(v)  ,  o:(s)  , 
n+2;n'   n'-2;n'-  ''n'-2  ^  ^n' 
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where   T^Hpjn'  '   ^i^jn'  >      ^i^-2;n'   '"^^^^  Elvcn  n.bovc. 
In  the  srswG   vir.y   the  higher  orders   t^-  •'   0^.11 
bo  obtained.   In  fact,  it  appears  possible  to  obtain  a 

general  expression  for  T^V^^i' ^^^n*^  ^  ^n'   '  thou:;h  the 
oxpresslon  would  be  corapllcated,   VJe  shall  indicate  the 

results  for  T^^^' ^^^i' ^  "  ^n«   * 


(136)     T^2),(v)^:(3)^^, 


'-   ^n-l|;n«^nt+[,;n'(''^ni+]_i.'('')n«  ^  ^n-2;n'^n' +2;n' (""^n' +2  *  ^  ^  ^n' 
■^  ^n;n'Ti?|n«(^)n.  =(^)nt  ■*•  ^n+2  jn'4?-2;n' ^  ^'^n' -2  =  ^  ^  ^n' 


■*"  ^n+l4.;n'^n'-i^;n'(^)n'-lL-(^^n« 


where 


(137)     T(?j^^,n.(^)n.+l,/(^)n« 


^   >/(n'+l)(ni+2)(n'+3l(n'+[^)    Asy     5(v;s)^, 

^l-'-^nt+Ij. 
s^...s^, 


4i^(^n«+l^^nt+2)  4i^(^.t+3'^n'+i|) 


71. 


,(2) 


(13&)      ^iU2;n.(-)n.+2-'(^)nt 


=  -   ^'(nt+l)(n'+2)        Asy  l6{v;s)^^    ^+-^'^nt+li^nt+2) 


(2) 


^l***^nt 


(139) 


V 


^  Eli^Lzl)    5(v,.s)^^,^2ru|i)(v^,„3_;s^^,_,)    .  n^l)  ( v^^,  „,;s^,  _,) 


u 


++    '    n' '   n 


,(1) 


(1) 


-  nt(nt-l)    5(v;s)^,_2  ^i-    ^^.t -l^'^nt  )    <  +  ^^n^^l^^n^^ 


,(2) 


-(2) 


dst 


with 


(11^.0) 


T^?l(v)^:(s), 


1 
2 


4-^("l'"2) 


ds-,    dSo 
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,(2) 


(1^1)    T;^.:2;n.(-)nt-.2  =  (^)n. 


=  v^nt(nt-l)   i.sy     ^S(  ^^^Jnt -2  '^1+^  ^it  »iJ^ii  ) 


(2) 


+  p!i^(2n-l5^')  uli^s.,5st)dst 


+  (nt-2)  5(v;s)^,^^ 


++  ^  n'-2'  ni-2'     --  ^  nt-2'  n'-2'' 


-ii^(V„i;3,,) 


,(2) 


=  -  ^  \/(n'-3)(nt-2)(nt-l)Vt    Asy     5(v;s)^^,^^ 


S  -,  «  ■  o  3 


n'-Ii 
n» 


u  ,  (s  ,  ois  ,  o)  u^.Ms  ,  ,:s  ,) 
-+  ^  n'-3^  n'-2'   -+  ^  n'-l'  n' ' 


There  are  several  Interesting  results  vrhich 

should  be  particularly  noted.   Most  important  is  that, 

while  from  the  basic  equation  (110)  it  is  by  no  means 

obvious  that  the  functions   T    ,(v)  :(s)  ,   arc  anti- 

ri.;n'   n   'n' 

SYminctric  in  the  variables  v,  ...v  ,   the  solution  has 

1    n' 

indeed  these  antisjrmmetry  properties,   Thi.;  gratifying 
result  is  due  to  the  facts  that  our  choice  of  the  functions 
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+ 
u(v;s)   guarantees  that   B^Cv)   satisfy  the  commutation 

rules  for  annihilation  and  creation  operators  when  the 

+ 
operators  A~(s)   do,  and  also  that  we  have  used  a 

consistent  perturbation  procedure. 

Secondly  we  ou^ht  to  observe  that  in  the  zero'th 
order  n  =  n'   for  non-vonishing  transformation  fmictions, 
whereas  for  first  order   |n-n' 1  =  0,2   and  second  order 
|n-n'  I  =  0,2,14.  give  non-vanishing  functions.   Generally, 
in  the  p ' th  order  non-vanishing  transformation  functions 
occur  for   |n-n'  1  =  0,2,14., ,..  ,2p.   From  an  analysis  to  be 
considered  later  it  can  be  shown  that  this  result  corres- 
ponds to  the  possibility  of  creating  0,l,2,,.,,p   electron- 
positron  pairs. 

Another  important  consequence  of  the  way  the 
theory  is  set  up  is  that  the  theory  is  a-priori  guage 
invariant  up  to  this  point.   This  result  is  .an  immediate 
consequence  of  the  guage  invariance  of  the  Dirac  Hamiltonian, 
That  is,  the  spectriim  of  the  Dirac  Hamiltonian  is  unchanged 
when  the  guage  of  the  electromagnetic  field  is  changed, 
so  that  the  transformation  functions   u(v;s)   introduced 
earlier  are  unaffected  by  such  a  change  in  guage. 


Ik^ 


The  Time -Variation  of  Expectation  Values, 

Prom  (101)  we  are  now  in  a  position  to  find 
hox-;  the  N-representers   ^n^^^n^^^   vary  in  tirae,  at  least 
to  the  second  order  in  the  electron  charge. 

VJe  shall  first  consider  the  problem  of  the 
existence  of  the  scattering;  operator.    Prom  single 
particle  electron  theory,  the  scatterin;-  operator  relates 
the  functions 

lim   6     ^  Mi;(s)(t)  = 

t->-00 

=  lim   fu(v;s)^(v)e-"t'^(^)-^(^)^dv  =  ^(s) 

t->-CD  'J 

and  the  f unc  t  i  on 

lim   e     ^  '\|;(3)(t) 
t->+oo 

=   lim    (^u(v;s)^(v)e-"f^^^^-"^^^)^dv  =  f(s) 

t->+00  «^ 

i.e.  the  scattering  operator  is  ;_;:iven  by  the  kernel 
X(s^s')   which  relates   f(3)   and   ^(s)   in  the  following 
^^fay 

(lil.3)      f(s)   =  /  K(s;si)  ^(s')  ds 
(See  Priedrichs  [  5  ]  for  details). 


•r  ■ 
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In  order  for  the  scattering  operator  exist  it 

is  necessary  that    lira   e"""   ^  ^\j/(s)(t)   exist, 

t->+ao 

We  shall  employ  an  analogous  definition  for  the 

scattering  operator  in  field  theory.   V/e  say  that  the 

scattering  operator  rels.tes  the  functions 


it 


lim  e 
t->-oo 

to  the  functions 


n 


ZI  I 


Li=i 


ai(s.)i 


\1/    (s)    (t) 
^n^    'n^    ' 


it 


lim     e 
t->+co 


n 


i=l 


aj(s^)  I 


\1/    (s)    (t) 
^n  ^    'r.      ' 


However,  in  the  case  of  the  electron-positron  field  such 

limits  do  not  exist.   This  result  is  a  consequence  of  the 

fact  that  the  functions   T    ,(v)  :(s)  ,   do  not  vanish 

,  n;n' ^  'n   ^    'n' 

identically  for  n  7^  n'  , 

Consider 

n 


it 


i=l      ^ 


'  ^n(^)n(^) 


n' 


r 


it 


(dv)  ,T  ,   (v)  ,:(s)  ^  ,(v)  ,e   l- 
^   'n»  n' ;n^  'n'^  ^n^n' ^  'n' 


^l0(3   )1-J~1CJ(V  )1 

i^      ^     t^      ^ 


Then,  because   n   can  differ  from  n' ,   it  is  clear  that 
the  exponent  on  the  right-hand  side  of  the  equation  ^^;ill 
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contain  oscillating  factors  for  n  ^  n'   which  cannot 
approach  a  limit  as   jtj  ->  oo .   For  the  case  of  an 
electron  field,  however,  since   '^n-n' ^ '^^n  ' '^  ^  ^n'   vanishes 
for  n  /  n',  the  limit  will  exist  if  T^,^(  v)^ :  ( s  )^  is  a 
sufficiently  smooth  function  of  its  arguments,  and  the 
scattering  operator  can  be  constructed  out  of  suitably 
symmetrized  one  particle  scattering  operators. 

Returning  to  the  electron-positron  field  we 
see  that  as  a  consequence  of  the  above  considerations, 
no  scattering  operator  exists  in  the  sense  of  a  scat- 
tering operator  in  single  particle  theory. 

This  result  is  entirely  analogous  to  the 
situation  in  single  particle  theory  where  the  zero-order 
Hamiltonian  has  point  eigenvalues  and  the  perturbation 
is  such  that  transitions  are  possible  between  the  point 
eigenvalues. 

However,  there  is  a  sense  in  which  the  scat- 
tering operator  exists,  i.e.  when  fields   (t'(x),  A.(x) 
are  switched  on  adiabatically.   If  we  prescribe  an 
arbitrary  state  -^      in  the  N  representation  at  time 
t  ->  -oo   as 


"i    "-r"  [v^)n] 
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then  at  any  finite  time   t   ont  has 


n 
-it  >   lo:)(v,  )1 


(lI^i^)    4^(t)  <-j^->  /^^(v)^  e 


I^ 


where  the  functions  ii    (v)        are  the  same  as  those  used 

n   n 

to  describe   "vZf/'   in  the  N  representation  at  time  t  ->  -co  . 

Hence  if  vje  represent   -^(t)   in  the  N  repre- 
sentation as 


^(t)  <--->   k(3)^(t)} 


N 

v;e  have 

n' 

(^^^^  -it^lMv,)! 

V^)n(^)=E:  ^nT7;(^)n.(^)n^n.(^)nt-    '^'-       (^^)nt 
n'     ' 

which  relates  the  N-repi-'es enters  at  time   t   to  those  at 

time   t  ->  -oo  ,   Hence  one  may  regard  equation  (ll4-5)  as 

giving  vl*  (s)  (t)   in  terms  of   vj/  ( s )  (t->-oo)  through 

the  use  of  a  scattering  operator  which  is  given  by  the 

functions   T    ,(v)  (s)  ,   which  we  have  calculated  above. 
n;n'  ^  '^n^  'n' 

Strictly  speaking  we  should  prove  assertion 
(lijl].).    However,  results  of  this  type  seem  to  be  generally 


1   f  ■ 


i'/y 


.t-     ;:-.: 
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true  in  quantuTa  theory.   (Sec  e.g.  Bprn  [  8]  and  Snyder 
[  9  ]   for  single  particle  theory  and  Prlodrlchs  [lo]  for 
an  example  in  the  theory  of  cniantum  fields.) 

Mo  sho.ll  nox^7  calculate  the  expectation  values 
of  various  operators.   One  c.-'ja  calculate  those  expecta- 
tion values  in  two  different  v.rays  corresponding  to  two 
typos  of  boundary  conditions  which  can  be  used. 

The  first  boundary  condition  consists  of 
considering  the  electromagnetic  field  to  be  constont  in 
time  and  to  prescribe  the  state   -t^(o)   in  term.s  of  its 
K-representers  and  then  find  the  expectation  values  of 
the  operators  for  any  tim.e   t,   in  particular  for 
Itj  ->  OD  by  considering  -^(t)   in  terms  of  its  N- 
representers  at  time  t  =  0,   as  given  by  equation  (101). 

The  other  boundary  condition  consists  of 
considering  the  fields  to  be  sv;itched  on  adiabatically 
and  prescribing   -^(t->-oo)   in  terms  of  its  N-repres enters 
and  using  equation  (IbS)    to  express   '■^^(t)   in  terms 
of  the  H-repres enters. 

The  second  boundary  condition  is  the  one  most 
often  used  by  previous  workers,  but  we  shall  indicate 
also  results  of  both  typos  of  boundary  conditions.   For 
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the  most  part  wc  shall  consider  vacuum  oxpectatlons, 
i.e.  where   "^^(O)   or   '^(t->-oo  )   is  taken  to  con- 
tain zero  particlos,  according  as  the  first  or  second 
boundary  condition  is  used. 

Lot  us  now  consider  the  expectation  value 
of  the  number  operator  H  using  the  first  boundary 
conditions.   For  this  case  only  x-je  shall  consider  "5^(0) 
to  be  perfectly  general  in  order  to  shovj  the  nature 
of  the  interference  of  various  particle  states  in  the 
expectation  values  of  any  operator.    Then  representing 


^(0)   by 


4^(0)  <-^,->  ^V^)n] 


one  can  show  to  second  order  by  a  straightforward,  though 
tedious,  calculation 

(111.6)   (^-J-(t),iy^(t)j  -  r$-(o),K4-(c)j 


00 I  _  /  -,  \ 

-  ken  YZ   \Mn-l)   ^'^(3),,V2(^)n-2  ^i--  ^^n-l^^i^ 


n=0 


1  - 


it[!i^(s^_^^)l  +  l60(s^^)l] 


(ds) 


n 


8o. 


-  Ii.e 


II 


u|^)(s;st) 


cos   tnco(si)l    +    l<^(s")|j    -ij   ds'ds" 


+   2e' 


it 


[l(o(si)l-!a)(s")l]^  ^lt[|c;(s«)|  +  lcj(?)|]__  ^ 


p  00        , _ 

+  [p^   R  YZ  vn(n-l)(n-.2)(n"3) 


n=0 


dstds"ds(ds) 


(1) 


n-1 


^n(^)nVi|(^)n-k^;-    (^n^3^"^n-.2) 


ui^)(s      ,:s    ) 


(ds) 


11 


n=0 


+-    ^    n-l'   n' 


Ja- 


1   -   e 


"D"(^l-l)l  +  i^c^n^i] 

fds     [e""f'"'^^n-l)l    -    l^'(^i)l]    ^ 

it[ltO(s)     1    +    lco(s)l]l    ,  _        ,    . 

it[lu>(s    )1    +    l0(s)l]l  "j 

++    ^    n-1'    '      -+    ^    n'    M    ^       'n 
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Here  R   stands  for  the  I'cal  part.   It  should  be  noted 
that  for   t   sufficiently  small,  the  expectation  value 
is  proportional  to   t.   Further,  if  ""^(O)   corresponds 
to  exactly  n  particles,  then  the  first  oi-der  term  van- 
ishes so  that  the  expectation  valuu  of  niunbcr  of  particles 
is  constant  to  first  order. 

For   |ti  ->  oc  ,   the  above  expression  siniplifies 
if  one  assumes  the  functions   u(v;s)   are  smooth  enough 
so  that  one  can  apply  the  Ricmann-Leboaguo  theorem. 
One  can  always  make  this  assumption  by  assuraing  a  very 
smooth  interaction  in  the  Dirac  Hamlltonian,  if  neces- 
sary  even  more  general  than  that  corresponding  to 
interaction  with  the  point  electron.   After  the  expres- 
sion for   lt|  ->  00  is  obtained,  one  can  then  consider 
the  limiting  case  x^;hen  the  interaction  becomes  that  for 
the  given  electromagnetic  field  with  point  electron. 
Wc  shall  always  think  in  terms  of  such  a  limiting  process 
to  enable  us  to  use  the  Rlomann-Lebesgue  theorem.   Often- 
times physicists,  instead  of  using  such  concepts,  prefer 
to  say  that  they  tal:c  the  average  value  in  time  of  the 
oscillating  terms.   However,  our  points  of  vieiir  is  per- 
haps more  consistent  vjith  the  attitude  used  in  the 
classical  thcorjr  of  the  electron. 
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Ono  has  then 


(lk7)    ,  lim  (-T(t),:.i<f  (t)) 
lt|->coV  ' 

=  (^(0),N^(0?)  -  I|.c  R  yj~Vn(n-l)j-i}?^(s)^  ^n-2(^)n-2  ' 
n=0  '- 


-  2  ^  n/  (ds) 
n=0  J 


+ 


/  4i^(^n-l'^')  "'i-^^^n'^'^^^'   ^"^^^al  ' 


If   "*-|-^  (  0 )   contc.lns  zero  particles  wc  ottain 
as  tho  limit  of  tho  vacuum  expectation  of  the  number 
operator 
(111-6) 


lira  (-5-(t),N-5r(t))  =  )(.cY/|4-^^^''^") 


ds'  ds"   . 


Itl 

Tho  expression  in  (iLj.o)  is  essentially  that  for 

f  2) 
T  .  (v)  (s)    (see  equation  (lixO))  v;hosc  convcrf:encc  will 

O^OOO  \       "r      I   I  o 

be  investigated  in  Part  II, 

Considering  now  the  second  boundary  condition 
or  the  case  of  adiabatic  switchinfT;  on  of  the  field  for 


83. 


which  the  state  at   t  ->  -oo  consists  of  zero  particles 
we  obtain  for  any  time   t,   the  vacuum  expectation 


(ll+8(  (%-^(t),N-5-(t))   =  2e^Jj|u|^)(st;s") 


dst  ds" 


which  is  just  -ry  of  the  result  using  the  first  boundary 
condition.   The  fact  that  the  first  order  ter/i  in  e   is 
zero  is  often  expressed  by  saying  that  one  has  "virtual 
pair-production  to  the  first  order".    This  is  the  case 
usually  considered  in  the  literature  when  tinic-dependent 
potentials  are  discussed  and  more  general  effects  are 
possible,  Instead  of  tirae-independont  potentials,  as  in 
the  present  paper. 

One  can  also  calculate  the  expectation  value 
of  the  energy  operator  H^°^   oorresponding  to  the  kinetic 
energy  of  the  electron-positron  field.   For  the  case  of 
the  first  boundary  condition  taking   "$^(0)   to  consist 
of  zero  particles  we  find 

(11|9)         (4-(t),H^°)4"(t)) 

=  2e^JJ     u|^)(s>;s")  I    jl   -   cos   t(l  cD  (s  '  )  1    +    1  ^  (s"  )  0       • 


|cO(st)l    +    lto(s") 


ds '    ds 


ir 


Gil.. 


or 


lim      f-q>(t),H^°^-1>(t)) 
U>co   ^~  ~         / 


t   -.>co 


12  r  -1 

uj^^S'js")  icO(s')l     +     l60(3")l        dst     ds"         . 

For  the  adlabatlc  case,  if  one  starts  out  with  ^^^^o  par- 
ticles at   t  ->  -oo  ,   one  finds 

(150)      (-5-(t),H(°^->5-(t)) 


u^^)(sT;s")|  [iu5(st)l  +  lcX.(3>')l 


ds«  ds" 


vjhich  is  again  p-  the  previous  result,   Pricdrichs  [10] 
has  obtained  similar  results  involving  factors  of  -r^     in 
his  study  of  the  moson  field, 

Wg  shall  nou  consider  the  e^qpectation  value  of 
the  charge  operator  azid  the  charge  density  operator. 

If  we  take  the  first  boiondary  condition,  dis- 
cussed earlier,  in  which  the  applied  eloctroraagnetic 
fields  are  constant  in  tirae  and  vje  specify  "^  {0)      in 
the  SchrBdlnger  picture  to  be  a  0-partlclo  state,  it  is 
clear  from  the  constancy  of  the  charge  operator  in  the 
Hciscnbcrg  picture  that 


(151)  for  (t;,0-^(t)')  =   0 
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for  all  time. 

If  ^^rG  take  the  second  boundai^^  condition  in 

which  the  fields  arc  switched  on  adiabatically,  and  take 

-3>(-oo)   to  bo  a  zero  particle  state,  v;g  have  that  ~J^  ( t ) 

is  a  zero  particle  state  in  the  K-reprosentation,   How 

(as  is  easily  shown)   C)  has  the  same  expression  in  terms 

+  + 

of  the  operators   B~(v)   as  it  has  in  terms  of  A'"(g) 

v;e  have  again 

(152)       (-5"(t),Q^(t)^   =0. 

Thus  XiTith  either  boundary  condition  we  have  that  the 
expectation  value  of  the  charge  is  zero  for  finite  time. 

Wo  can  calculate  the  ejcpectation  value 
p^(t)  ,p(x)"^(t  )j   using  cither  of  the  above  boundary 
conditions.   It  vill  turn  out  that  this  expectation  value 
does  not  vanish  identically  for  finite   x.   However,  wo 
know  that  y^dx  (■^(t),p(x)4^(t))   =  (j$- ( t )  ,0.-$- ( t ))  =  0, 
which  moans  that  the  integrated  charf^e  densitv  must  vanish. 
We  interpret  this  result  by  saying  that  one  has  positron- 
electron  pairs  croatod  by  the  presence  of  an  electro- 
magnetic field.   This  situation  is  analogous  to  the  clas- 
sical case  of  the  polarization  of  a  dielectric  by  an 
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external  electromagnetic  field.   In  quantum  electrodynainlcs 
one  calls  the  expectation  value  of   p(x),  j.(x)   the 
"polarization  of  the  vacuum"  if  the  state  corresponds  to 
the  presence  of  zero  particles  Initially. 

Using  the  first  boundary  condition  one  can 
calculate  / -<^  ( t?) ,  p(x)  "^^  ( t )  j   in  a  straightforward  way, 
using  (Ij-l)*   One  finds  that  the  zero  order  vanishes.   The 
result  to  the  first  order  is 

(153)    ('4'(t),4^-3'(t)) 


=  2eR  ^ 


.(0) 


'(0) 


X^^^(x,tx;s^)  ■)r^^^(x,ix;S2)  ds^  ds^ 


R  stands  for  the  real  part.   We  can  easily  shoi-;  that  as 
required 

fdx  (j5-(t),  £M-^(t))  s   0    , 

(  A  ) 

for  from  the  orthogonality  conditions  on  X 

X:  rdX~^(0)(^^^^^^)  y(0)(,^^^.3_^)  ^  5^3^  ^  3_^) 

but  because   u^  ^(s,fSp)   vanishes  for  s,  =  Sp  ^^^e  have 


i7. 


our  desired  result   irmiiecliately. 
We   have    as       j  1 1    ->  oo 

|ti->oo\'~  e       -        / 


=  2eR  ^IJ  u;;,^^(s^;s2)  y.^  ' '  {x,\i;s^)  ^,^'' '  ix,ix;3^)    ds^  dSg 

The  integral  is  seen  to  be  essentially  the 
'X  -representation  of  the  kernel  u_  '(s,;s2).   Further, 

,    lim     f^(t),   £-UlI^(t)d2c.  =    ,    lim  (V(t),Q-4>(t))      =   0 
|tl->ooj~  ®        ~  lt|->c^  "        ^ 

as   before. 

The  second  boundary  condition  with  adlabatic 
switch-on  of  the  e  xternal  field  results  again  in  the 
expression  (151]-). 

Similar  results  are  obtained  for  the  current 
density  operator  except  nox-r  one  does  not  have  conserva- 
tion of  the  total  current,  the  reason  being  that  the 
cui-rent  operator,  or  equivalently  the  total  moinentuin,  is 
not  a  constant  of  the  motion.   Thus  with  the  first  or 
second  boundary  condition  one  has 


(155)  ,  lim  -q>(t),  -i-_  -J'-(t)] 


1 1  ->oo  V 
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